CLASSIFICATION OF CERTAIN SIMPLE C*-ALGEBRAS WITH 

TORSION IN Ki 
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Abstract. We show that the Elliott invariant is a classifying invariant for 
the class of C* -algebras that are simple unital infinite dimensional inductive 
limits of sequences of finite direct sums of building blocks of the form 

{/ 6 C(T) Cg) M„ : f(xi) 6 M d . , i = 1,2, . . . , TV}, 

where xi,Xa,...,Xtf £ T, di,d,2, . ■ ■ , rfjv are integers dividing n, and M^. is 
embedded unitally into M n . Furthermore we prove existence and uniqueness 
theorems for *-homomorphisms between such algebras and we identify the 
range of the invariant. 
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1. Introduction 

During the last decade the Elliott invariant has been used with amazing success 
to classify simple unital C**-algebras (see e.g [§, 0, @, (26), |l|, This 
project is part of Elliott's program which has the ambitious goal of a classification 
result for all separable nuclear C*-algebras by invariants of i^T-theoretical nature. 

The goal of the present paper is to unify and generalize classification results due 
to Thomsen [^6) and Jiang and Su jl6| . In order to achieve this we will unfortunately 
have to consider the rathe r com plicated building blocks defined in the abstract. Our 
main result (see Theorem |ll.7| ) is the following: 
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Theorem 1.1. The Elliott invariant is a classifying invariant for the class of unital 
simple infinite dimensional inductive limits of sequences of finite direct sums of 
building blocks. 

The main ideas of the proof are similar to those of Thomsen [p6| who considers 
the simpler case d\ = d<i = • • • = dpf. The technical problems are greater in our 
case, and in particular the possible lack of projections in our building blocks (see 



Lemma 3.8) means there is no straightforward generalization of Thomsen's proof. 

Let us introduce the notation used in this paper before we describe our results in 
greater detail. Recall that for a unital C*-algebra A the Elliott invariant consists 
of the ordered group Kq(A) with order unit, the group K\(A), the compact convex 
set T(A) of tracial states, and the restriction map r A : T(A) — > SKq(A), where 
SKo(A) denotes the state space of K (A). 

Let A be a unital C*-algebra. Let AST (A) denote the order unit space of all 
continuous real- valued affine functions on T(A). Let p A ■ Kq(A) — > AffT^) be 
the group homomorphism 

Pa(x){lu) = r A (u)(x), to e T(A), x £ K Q (A). 

Let U{A) denote the unitary group of A and let DU (A) denote its commutator 
subgroup, i.e the group generated by all unitaries of the form uvu*v* , u, v G U{A). 
If A is a unital inductive limit of a sequence of finite direct sums of building blocks 
then there is a natural short exact sequence of abelian groups (see section 5) 



A 



> AST(A)/p A (K (A)) — U(A)/DU(A) — K X (A) ► 



that splits (unnaturally). The group U(-) /D U(-) was introduced into the classifi- 
cation program by Nielsen and Thomsen |2C[| . 

Let A and B be unital C*-algebras. An affine continuous map ipx '■ T(B) — » T(A) 
gives rise to a linear positive order unit preserving map tfT* '■ AST (A) — > AST(B) 
by setting <pr*(f) = f ° Vt for / 6 AST (A). If furthermore tp T * ° Pa = Pb ° <Po 
for some group homomorphism ipo : Ko(A) — > Kq(B) then tpT induces a group 
homomorphism 



: AST(A)/p A (K Q (A)) AST(B)/p B (K (B)). 

Let ip ■ A — > B be a unital *-homomorphism. Let ip* ■ T{B) — v T(A) be the affine 
continuous map given by = woif, w e T{B). Define t/j : AST (A) —* AST(B) 

by tp = (tp*)*. Note that ip(f)(u) = f(ip*(u)). Since fop A = p B o^, on K (A), 
we see that tp gives rise to a group homomorphism 



i> : AST(A)/p A (K (A)) AST(B)/ p B (K (B)). 



Let ip# : U(A)/DU{A) -> U(B)/DU(B) be the homomorphism induced by 

Besides the Elliott invariant, two other invariants will be crucial in the proof 
of the classification theorem, namely U(-)/DU(-) and R0rdam's ifL-bifunctor pl[ . 
These invariants are both determined by the Elliott invariant for the C*-algebras 
under consideration, and are therefore useless as additional isomorphism invariants. 
They are, however, not determined canonically. This means that *-homomorphisms 
(or even automorphisms) between such C*-algebras that agree on the Elliott in- 
variant may fail to be approximately unitarily equivalent because they may act 
differently on these additional invariants. This was demonstrated by Nielsen and 
Thomsen ||(], section 5] for £/(■)/ 'DU(-) and by Dadarlat and Loring p. 375-376] 
for KL. 
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It is therefore necessary to include these invariants in the following uniqueness 
theorem (see Theorem 11.5): 



Theorem 1.2. Let A and B be unital inductive limits of sequences of finite direct 
sums of building blocks, with A simple. Two unital *-homomorphisms tp,ip : A — > B 
with Lp* = V* on T(B), ip* = iP* on U(A)/DU(A), and [ip] = [ip] in KL(A, B) 
are approximately unitarily equivalent. 

Let KL(A, B)t denote the set of elements k G KL(A, B) for which the induced 
map : Kq(A) — > Kq(B) preserves the order unit and for which there exists an 
affine continuous map tp T : T(B) — > T(A) such that r b{oj){k^{x)) — r a((Pt(oj))(x) 
for x G K (A), uj G T{B). 

Let A and B be e.g simple unital inductive limits of sequences of finite direct sums 
of building blocks. It turns out, perhaps surprisingly, that there is a connection 
between KL(A, B) and the torsion subgroups of U(A)/DU(A) and U{B)/DU{B), 
see section 10. If ip, ip : A — ► B are unital *-homomorphisms with [ip] = [ip] in 
KL(A,B) and if x is an element of finite order in the group U(A)/DU(A), then 
(p&(x) = ip^(x) in U(B)/DU(B). More generally, an element n G KL(A, B)t gives 
rise to a group homomorphism 



: Tor{U{A)/DU{A)) -> Tor(U(B)/DU(B)). 



The map 



KL(A,B) T -> Hom(Tor{U(A)/ DU(A)),Tor(U(B)/ DU(B))) , 

where k i— > s K , is natural with respect to the Kasparov product and must be taken 
into account in the existence theorem: 

Theorem 1.3. Let A and B be simple unital inductive limits of sequences of finite 
direct sums of building blocks, with B infinite dimensional. Let ipx '■ T(B) — > T(A) 
be an affine continuous map, let k G KL(A,B)t be an element such that 

r B (w)(«.(a;)) - r A (<p T {uj))(x), x G K (A), uj G T(B), 

and let $ : U(A)/DU(A) 
diagram 

A/ 



AffT(A)/p A (K (A)) 



U(B)/DU(B) be a homomorphism such that the 
U(A)/DU(A) — Ki (A) 



U(B)/DU{B) 



Ki(B) 



AffT(B)/p B (K (B)) — 

commutes. Assume finally that 

s K (y) = y G Tor(f/(A)/M7(A)). 

There exists a unital * -homomorphism ip : A — > _B swc/i f/iai ^* = on T(B), 
such that ip* = $ on U(A)/DU(A), and such that [ip] = n in KL(A, B). 

The above theorem follows by combining the slightly more general Theorem 



11.2 with Lemma 9.6, Lemma 10. S and Theorem 9.9. It should be noted that it is 



possible to prove this existence theorem (and our classification theorem) for Kq (A) 
non-cyclic without using the map s K , see Corollary 11.3 (or p6|). 

Let us finally describe the range of the invariant for the C*-algebras in our class. 
By combining Theorem 12.1 and Corollary 12.5 we have the following: 
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Theorem 1.4. Let G be a countable simple dimension group with order unit, H a 
countable abelian group, A a compact metrizable Choquet simplex, and A : A — > SG 
an affine continuous extreme point preserving surjection. There exists a simple uni- 
tal inductive limit of a sequence of finite direct sums of building blocks A together 
with an isomorphism ipo '■ Kq(A) — > G of ordered groups with order unit, an iso- 
morphism ipi : K\(A) — > H, and an affine homeomorphism ipx ' A — > T(A) such 
that 

r A (<p T (u)){x) = \(u>)(<po(x)), weA, x G i^o(^) 

2/ and onZy i/ G is non- cyclic, or G is cyclic and H can be realized as an inductive 
limit of a sequence of the form 

1®Hi ► Z®H 2 ► Z©ff 3 > ■■■ 

where each Hk is a finite abelian group. 

Let A be a simple unital inductive limit of a sequence of finite direct sums of 
building blocks. It is easy to see that A is unital projectionless if and only if 
(Kq(A), Kq(A) + , [1]) = (Z, Z + , 1). Hence our classification theorem can be applied 
to a large class of simple unital projectionless G*-algebras, including the G*-algebra 
Z constructed by Jiang and Su Q . 

It would be interesting if one could extend our classification result to a class that 
contains simple unital projectionless G*-algebras with arbitrary countable abelian 
JsTi-groups. This could probably be obtained by considering building blocks with 
T replaced by a general 1-dimensional compact Hausdorff space. It would also be 
interesting if one could include the class of C* -algebras considered by Jiang and Su 
in @- 

Let A be a unital G*-algebra. If a G A sa we define a G AST (A) by a(u>) = u>(a), 
lu G T(A). It is well-known that a i— > a is a surjective map from A sa to AST (A). 
Let q' A : U(A) — > U(A)/DU(A) be the canonical map. We equip the abelian group 
U(A)/DU(A) with the quotient metric 

D A {q' A {u),q' A {v)) = M{\\uv* - x\\ : x G DU(A)}. 



Denote by d' A the quotient metric on the group AST(A) / p A (Ko(A)) . This group 
can be equipped with another metric which gives rise to the same topology, namely 



d A (f,g) 




d' A (f,g) > i 
-1| d' A (f,g)<i, 



see gO|, Chapter 3]. Let q A : AST (A) -> AS T(A)/p A (K (A) ) be the quotient 
map. Let finally s(A) be the smallest positive integer n for which there exists a 
unital *-homomorphism A — > Af n (we set s(A) = oo if A has no non-trivial finite 
dimensional representations). 

Let gcd denote the greatest common divisor and Icm the least common multiple 
of a set of positive integers. Let Tr denote the (unnormalized) trace on a matrix 
algebra (i.e the number obtained by adding the diagonal entries). If 

Ai ► A 2 > A 3 > . . . 



is a sequence of G*-algebras and *-homomorphisms with inductive limit A, we let 
&n,m — OL m -\ o a m _2 • • • ° ®n '■ A n — > A TO when to > n. We set a n) „ = id and let 
a„.oo : A„ — > A denote the canonical map. 
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2. Building blocks 

Let T denote the unit circle of the complex plane. We will equip T with the 
metric 

p(e 2 ™\e 27rlt ) = min|s - t + k\ 

which is easily seen to be equivalent to the usual metric on T inherited from C. 

As in pp[ | we say that a tuple (ax, 0,2, ■ ■ . ,o,l) of elements from T is naturally 
numbered if there exist numbers si, S2, ■ ■ ■ , sl 6 [0, 1[ such that si < S2 < • • • < sl 
and a,j = e 2 ™^, j = l,2,...,L. 

We define a building block to be a C*-algebra of the form 

A(n, d!,d2, . . . , d N ) = {/ 6 C(T) ® M n : f{x t ) 6 M di , i = 1,2, . . . , N}, 

where (xi, X2, ■ ■ ■ , xn) is a naturally numbered tuple of (different) points in T, 
di, c?2, • ■ ■ , dN are integers dividing n, and Md t is embedded unitally into M n , e.g 
via the *-homomorphism 

a 1 ► diag(a, a, . . . , a). 
^ v " 

^r- times 

The points x±,X2, ■ ■ ■ ,xn will be called the exceptional points of A. By allowing 
di = n we may always assume that N > 2. It will also be convenient to always 
assume that 1 is not an exceptional point. 

For every i = 1, 2, . . . , N, evaluation at Xi gives rise to a unital *-homomorphism 
from A to which will be denoted by Ai, or sometimes Af. If s is a non- negative 
integer we define Af : A — > Af^ by 

A|(/) = diag(A i (/),A i (/),... ! A i (/)). 



Note that A/ 1 (/) = f( Xi ) in M n for / e A and i = 1, 2, . . . , N. 
The following lemmas are left as exercises. 

Lemma 2.1. Let A = A(n, d\, (I2, . . . , djv) be a building block. The irreducible 
representations (up to unitary equivalence) of A are A l5 A 2 , . . . , A^r, together with 
point evaluations at non- exceptional points. 

Lemma 2.2. Let I be a closed two-sided ideal in A. There is a closed set FCT 
such that 

I = {f <E A : f{x) = for all x £ F}. 

Lemma 2.3. Let A = A{n, d\,d2, ■ ■ ■ ,d^) be a building block and let lj G T{A). 
There exists a Borel probability measure /1 on T such that 

w(/) = - / Tr(f(x))d^(x). 
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It follows that Cffi(T) and AffT(A) are isomorphic as order unit spaces via the map 
/-/Tl,/eC 8 (T). 

Theorem 2.4. Let A be a finite direct sum of building blocks. Then A is finitely 
generated and semiprojective. 

Proof. First note that A is a one-dimensional non-commutative CW complex, as 
defined in 0. Hence A is semiprojective by Q Theorem 6.2.2] and finitely generated 
by @, Lemma 2.4.3]. □ 

Note that if A = A(n, d\, d®, ■ ■ ■ , c/jv) then s(A) = min(di, cfe, • • • , d^). 

Building blocks will sometimes be called circle building blocks in order to distin- 
guish them from interval building blocks. An interval building block is a C*-algebra 
A of the form 

I(n, d u da, ...,d N ) = {fe C[0, 1] ® M n : ffa) € M di , i = 1, 2, . . . , N}, 

where = xi<X2<---<a;Ar = l and di, d2, ■ ■ ■ , aV are integers dividing n. We 
will call x\, X2, ■ ■ ■ , xn the exceptional points of A. 

3. if-THEORY 

The purpose of this section is to calculate and interpret the if -theory of a build- 
ing block. We start out with the following lemma, which will be used to calculate 
the -fTi-group. 

Lemma 3.1. Let N > 2 and let a%, <Z2, • • • , <Zjv be positive integers. Define a group 
homomorphism ip : 7i N — » Z w to be multiplication with the N x N matrix 



( a\ 



C 



-0,2 

a-2 —a-3 

«3 



\-ai 



\ 



-a N 
a N J 



For k = 1,2,..., N- 1, set 



and 



s k = lcm(ai,a 2: . 



,OfcJ 



r k = gcd(s k , a k +i) = gcd(lcm(a l7 a 2 , a k ), a k+1 ). 
Choose integers a k and (3 k such that 

r k = a k s k + (3 k a k+1 , k = 1, 2, . . . , JV - 1. 

Then 

coker(<p) S Z ® Z ri Z r2 • • • © Z rjv _ 1 . 

TTlis isomorphism can be chosen such that for k = 1, 2, . . . , N — 2, a generator of 
the direct summand Z rfc is mapped to the coset 

(0,0,. ..,0,1, , 0,0,. ..,0 , )+im(<p), 



r k 



r k 



k—1 times N — k — 2 times 

such that a generator of the direct summand r L rN _ 1 is mapped to the coset 

(0,0,...,0,l,-l) + zm(^), 
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and such that a generator of the direct summand Z is mapped to the coset 

(0,0,...,0,l) + *m(¥>). 

Proof. Let Ij denote the j x j identity matrix for any non-negative integer j. For 
each k = 1,2, . . . ,N — 2, define an integer matrix of size N x N by 



(h- 



\ 



V 



Let Dh denote the 2x2 matrix 







1/ 



and define for k = 1, 2, . . . , N — 1, an integer matrix of size N x N by 



^JV-fc-1, 

For fc = 0, 1, 2, . . . , N — 2, define yet another N x N matrix by 



Xk 



rk 



V 



Sfe+1 — Ofc+2 
Sfe+1 







-Oat 

o / 



Finally, let P be the N x N matrix 

A 
1 1 



1 1 1 



\i i i ... i) 

Note that for k = 1, 2, . . . , N - 2, 



Sfe+i = lcm(sk, fflfe+i) 



SfeOfe+l 



Using this, it is easily seen by induction that 

AkAk-x ■ ■ ■ A 1 PCB 1 B 2 ■■■B k = X k , k = 0, 1, 2, . . . , N - 2. 
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It follows that 



A 1 PCB 1 B 2 ---B 



JV-l 



V 



T2 



TN-1 



0/ 



Since all the matrices on the left-hand side, except C, are invertiblc in Mjv( 
obtain the desired calculation of coker(y>). Finally, it is easily verified that 



we 



(A 



N-2^-N-l ■ ■ ■ 



( 1 

_£l£2 

ri 






V 



ri 



1 

P20.3 
ri 





»~2 



1 



/3jV-2QiV-l 

r JV-2 
ttiV-2S7V-2 



1 V 



The last part of the lemma follows from this. 



□ 



Let A = A(n, d\, d 2l ■ ■ ■ , djv) be a building block with exceptional points e 27Tttk , 
k = 1,2,...,N, where < h < t 2 < ■ ■ ■ < t N < 1. Set ijv+i = *i + 1. Define 
continuous functions Uk : T — > T for fc = 1, 2, . . . , iV, by 



u k {e ) — 



exp(27ri 
1 



tk+i—tk 



) t k <t < tk+i, 
tk+i <t<t k + l. 



Let U£ be the unitary in A defined by 



U k A (z)=diag(uj k (z),l, zel 



Theorem 3.2. Let A = A(n, di, d2, • • • , d;v) be a building block. Set for k = 
1,2,..., JV-l, 



Sfe = Zcm( 



n n 
di ' d 2 



dk 



), 



and 



r fe = ff cd(s fc , ) = gcd(lcm( — , —,...,—), ). 

Ofc+l «1 «2 «fe «fc+l 



Choose integers a k and (3k such that 



rk = a k s k + [3 k 



dk+i ' 



k= 1,2,. ..,7V- 1. 



TAen 



=Z©Z ri ©Z r2 ©•••©Z rjv _ 1 . 

77ms isomorphism can be chosen such that for k = 1, 2, . . . , N — 1, generator of 
the direct summand Z r( . is mapped to 



PkTl 



r k d k +i ^ fc+1J r fe 



and smc/i i/iai a generator of the direct summand Z is mapped to [Uj§] . 
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Proof. Define a *-homomorphism it : A — > M dl © M d2 © ■ • • © M dN by 

7 r(/) = (A 1 (/) ; A 2 (/),...,A JV (/)). 

Via the identification SM n = {/ E C[0, 1] ® M n : /(0) = /(l) = 0} we define a 
*-homomorphism t : (SM n ) N — > A by 

tCfi, /2, • • • ■ /iv)(e 27rit ) = /»( ■*"**■ ), ** < * < **+!■ 

tfc+i — £fc 

The short exact sequence 

► (SM B ) W — > A — M dl © M d2 © ■ • • © M djv ► 

gives rise to a six-term exact sequence 

K ((SM n ) N ) — ^ A'o(A) — tf (M dl © • • • © M d)V ) 

#i(M dl © • • • © M djv ) < Xi(^) < ^((5^)^) 

where 5 denotes the exponential map. 

By Bott periodicity Ki((SM n ) N ) Z N is generated by [Vi], [V 2 ],..., [V N ], where 

V k (t) = (1, 1, . . . , 1, diag(e 2 ™ 4 , 1, .... 1), 1, 1, .... 1), te [0, 1], 

S v ' 

coordinate k 

is a unitary in (SM n ) N . Note that 104 - 1) = U£ - 1 and hence i.flVfc]) = [t^ 4 ] 
in Since the map t* : K\{{SM n ) N ) — > AT 1 (A) is surjective it follows that 

Ki(A) is generated by [U A ], [U A ], . . . , [U A ], and that gives rise to an isomorphism 
between the cokernel of 5 and ATi (A) . 

Let {e^ } denote the standard matrix units in M dl © • ■ • © M dN . Recall that 
K {M dl © • • • © M dN ) ^ Z N is generated by [eJ-J, [e^], . . . , [ef x ]. We leave it with 
the reader to check that 

S([e 1 11 }) = ~[V N } + ^[V 1 ], 



and for k = 2,3, ... ,N 



n r , n 

"'fej 



%fi]) = -4-[^-i] + 3-[^: 



The conclusion follows from Lemma 3.1. □ 



Choose a continuous function 7 : T — > M such that 

Det(U$(z)) = zcx-p(2irij(z)), z E T. 
Define a unitary u" 4 in ^4 by 

= uA(z) zeT. 

n 

Note that Det(v A (z)) = z, z E T. 

Lemma 3.3. Let A = j4(n, rfi, c?2, ■ ■ ■ , tijv) &e a building block and let u E A be a 
unitary. If 

Det(A k (u)) = 1, fc = l,2,...,i\T, 
Det(u(z)) =1, z E T, 
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then u can be connected to 1 via a continuous path of unitaries in A. 

Proof. Let us start with a simple and well-known observation. Let v be a unitary 
in the C*-algebra B = {/ e C[0, 1] <8> M„ : /(0) = /(l)} such that the winding 
number of Det(v(-)) is 0. Then i> can be connected to 1 via a continuous path 
(ut)te[o,i] in U(B). If u(O) = 1 we may assume that v t (0) = 1 for every t £ [0, 1]. 

Let e 2mtl , . . . , e 2T ™ tjv be the exceptional points of A, where t\ < t^ < ■ ■ ■ < i/v 
are numbers in ]0, 1[. Set to =tj\r — 1, t;v+i = ii + 1 and let if. : Md k — ► M n be the 
inclusion, k = 1, 2, . . . , N. Since the group of unitaries in Md k with determinant 
1 is path-connected there exists a continuous function 7^ : [tk—Xjtk+x] — > U(Md k ) 
such that 7fc(tfc-i) = 7k(*fc+i) = 1, 7ft(*fc) = A fc (u), and Det(~f k (-)) = 1. Set 



It follows from the above observation that can be connected to 1 via a continuous 
path of unitaries in A. Upon replacing u with uwj u^j . . . u>^r we may thus assume 
that u{e 27Tltk ) = 1 for k = 1, 2, . . . , N. Set 



Then it = J/1J/2 ■ ■ ■ TJn- Again by the above observation, y k can be connected to 1 
within U(A) for k = 1,2,..., N. □ 

Let A = A(n, d%, 0I2, . . . , oIn) be a building block and set d = gcd(d\, c?2, . . . , dzv). 
Since d divides di for every i = 1,2, ...,N, there exists a unital and injective 
*-homomorphism Md — > A given by / 1— > diag(/, /,...,/). 

Lemma 3.4. Le£ p be a projection in A — A(n, dx, d%, . . . , d/v) . Then p is unitarily 
equivalent to a projection in Md C A. 

Proof. Let r e Z denote the rank of p and let e 2nitl , e 27 ™* 2 , . . . , e 27ritN be the ex- 
ceptional points of A, where < t\ < ti < ••• <£jv < 1- Since -?- divides r 
for fc = 1,2, ...,N, it follows that ^ also divides r. Hence there is a projection 
e G Md C A with the same trace as p. 

For each i 6 [0, 1] there is a unitary w t S M n such that 



We may assume that u tk £ fc = 1,2, . . . ,N, and that uq = u%. By compactness 



where = sx < «2 < • • • < sl = 1, {*x,*2, ■ ■ • ,*iv} C {si, s 2 , . . ., s L }, and 





e = u t p(e )w t . 



L-l 



[0,1]= LH 




Then i 1— > Zj(t), t e [sj, s_j+i], is a continuous path of unitaries in M n , and by [ fl9[ 
Lemma 6.2.1] 



e = z 3 {t) u Sj p{e 2mt ) u* Sj Zj {t)*, t 6 [ Sj , s j+1 \. 
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As U(M n ) (~l {e}' is path-connected there is for each k = 1, 2, . . . , L — 1 a continuous 
map 7j : [sj, Sj+i] — > U(M n ) PI {e}' such that 

7j(sj) = !> 7i(sj+i) = u Sj+1 u* Sj Zj(s j+1 )*. 
Since Zj(sj) = 1 for j = 1, 2, . . . , L — 1, we can define a unitary ueiby 

u{e 2mt ) = 7i(*)*i(*K,, * G 
Then wpw* = e. □ 

Corollary 3.5. I/p G v4 = A(n, di, d 2 , . . . , djsr) is a projection of rank r ^ then 

r r r 
pAp ^ A(r, -di, -d 2 , -d N ). 
n n n 

Corollary 3.6. The embedding M4 C A gives rise to an isomorphism of ordered 
groups with order units between Ko(Md) and Kq(A). In other words, 

(K (A),K Q (A)+,[1}) = (Z,Z+,d). 



By Lemma 2.3 we have the following: 



Corollary 3.7. If A = A(n,d 1 ,d 2 , ...,d N ) then p A (K (A)) = Z±T in AffT(A). 
Lemma 3.8. A = A(n, d\, d 2l . . . , d/v) is unital projectionless if and only if d = 1. 



Proof. As in the proof of Lemma 3.4 we see that there exists a projection p G A of 



rank r < n if and only if 5 divides r. The conclusion follows. □ 



Lemma 3.9. Let K be a positive integer and let H be a finite abelian group. There 
exists a unital projectionless building block A with s(A) > K such that K\{A) = 



Proof. Let 



Pi p 2 P" 



where to is a positive integer, fci, .. . , k m are non-negative integers, and pi, ■ ■■ ,p m 
are prime numbers. Let q\,q 2i . . . 1 Qm-\-i 

> K be prime numbers, mutually different 
as well as different from pi,p%, . . . ,p m - Define integers n and d\,d 2 ,..., d m +i by 

n = Pi 1 p 2 2 ■ • -Pm qi 12 ■ ■ ■ q m +i, 
di = q 2 q 3 ... q m +l; 

dl = P " lp \-- pt 2<i<m + l. 



Set A = A(n,di,d 2 , ■ ■ .,d m+ i). Then Ki(A) = Z®H by Theorem 3.2. A is unital 



projectionless by Lemma 3.8. □ 
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4. K K -THEORY 

Recall a few facts about KK-theoiy that can be found in e.g [g]. KK is a 
homotopy invariant bifunctor from the category of C*-algebras to the category of 
abelian groups that is contravariant in the first variable and covariant in the second. 
A *-homomorphism ip : A — > M n (B) defines an element [<p] G KK(A, B). We have 
an associative map KK(B, C) x KK{A, B) — > KK(A, C), the Kasparov product, 
that generalizes composition of *-homomorphisms. 

The purpose of this section is to analyze the ATAT-theory of our building blocks. 
Inspired by the work of Jiang and Su |l6|, section 3], we will consider the K- 
homology groups K°(A) = KK(A,C). A *-homomorphism <p : A — > M n (B) in- 
duces a group homomorphism ip* : K°{B) — » K°(A) via the Kasparov product. 
K°(M n ) = Z is generated by the class of the identity map on M n . 

If A and B are unital C*-algebras we let KK(A, B) e be the set of elements 
K G KK(A,B) such that k* : K {A) — > Kq(B) preserves the order unit. 

Lemma 4.1. Let 

A = {fe C[0, 1] ® M„ : f(U) e M di , i — 1,2, ... , N} 

where N > 2, < t\ < t% < ■ ■ • < trj < 1, awe? di,d 2 , ■ ■ . ,djsr are integers 
dividing n. Let Aj : A — > M,^ 6e i/ie * -homomorphism induced by evaluation at ti, 
i = 1,2, . . . , N . Then K (A) is generated by [Ai], [A2], . . . , [A at]. Furthermore, for 
a\, a 2 , • • ■ , ajv £ Z we /iawe £/ia£ 

ai[Ai] + a 2 [A 2 ] H h ajv[Ajv] = 

if and only if there exist b\, b 2 , ■ ■ ■ , bjy G Z such that = arl ^ 

n 

ai = bi — , 1 = 1,2, N. 

di 

Proof. Choose y G]0, 1[ such that t\ < y < t 2 . Set 

B = {/ G C[0, y] <g> M„ : /(t x ) G M d J, 
C = {/ G C[y, 1] ® M„ : f(U) G M di , i = 2, 3, . . . , A}. 

We have a pull-back diagram 

A B 



■1 



/1 



C > M„ 

/2 

where <?i, g 2 are the restriction maps and f\, f 2 evaluation at y. Apply the Mayer- 
Vietoris sequence ||, Theorem 21.5.1] to get a six-term exact sequence 

K°(M n ) ( - f * JS \ K (B)®K°(C) K°(A) 



I 



K\A) < K l (B) © if 1 (C7) < K 1 (M n 

sr+si (-/r>/ 2 *) 
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Note that K 1 (M n ) = and K°(M n ) = Z. Thus the exact sequence becomes 
Z — » Jif (B) ©if (C) — ^— » 

1 

^(A) < K X {B) ® ^(C) < 0. 

Since /i is homotopic to evaluation at X\ in _B and /2 is homotopic to evaluation 
at x 2 in C we see that 

77 77 

p(fc) = (-fc— [Ails], A;— [Ajvlc]), k G Z. 

B is homotopic to A/^ via Ai|s and hence K°(B) = Z is generated by [Ai|s]. 
For TV = 2 we have that if°(C) is generated by [A 2 |c] and that 

ip{ai[A 1 \ B ],a 2 [A 2 \c}) = »i[Ai] +a 2 [A 2 ]. 
Thus is generated by [Ai] and [A 2 ] and 

71/ Tl 

ai[Ai] + a 2 [A 2 ] = ^> 3fci G Z : on = -bi-j-, a2 = h — . 

di a 2 

Proceeding by induction, assume that the lemma holds for N — 1. By the induc- 
tion hypothesis K°(C) is generated by [A 2 |c], [AsIc], ■ • ■ , [Ajv|c]- Note that 

N 

r/»(ai[Ai|s], (a 2 [A 2 | c ] + • • • + aw[A w |c])) = ^^[A*], 

i=l 

such that ^4 is generated by [Ai], . . . , [Ajv]- It also follows that 

ai [Ai] + a 2 [A 2 ] + h a N [A N ] = 

if and only if there exists fceZ such that 

77/ Tl 

-fc— [Ai|s] = ai[Ai| B ], k—[A N \ c ] = a 2 [A 2 \c] H \- a N [A N \c}- 

By the induction hypothesis this happens if and only if there exist k, c 2 , . . . , cn E Z 
such that J2iL 2 c i — an d 

Tl Tl Tl Tl 

ai = -k—, ai = Ci — , i = 2, 3, . . . ,N - 1, a N - k— = c N — . 

d\ di u]v An 

The desired conclusion follows easily from these equations. □ 

Proposition 4.2. Let A = A(n, d\, d 2 , ■ . ■ , djv) be a building block. Then K°(A) 
is generated by [Ai], [A 2 ], . . . , [Ajv]. Furthermore, for a±, a 2 , . . . , ajv G Z we have 
that 

»i[Ai] + a 2 [A 2 ] H h a N [A N ] = 

if and only if there exist b\,b 2 , . . . , fc-jv G Z sucft i/iai &i = anc ^ 

77v 

ai=bi — , i = l,2,...,N. 

d l 

Proof. Choose ti,t 2 , . . . ,tjy G]0, 1[ such that e 27Tltk , k — 1,2, ... ,N, are the excep- 
tional points for A. Set 

B = {/ G C[0, 1] ® M„ : f(t k ) G Md k , k = 1,2, . . . , N}. 
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Define a *-homomorphism i : A — > B by t(f)(t) = /(e 27rlt ). Let 7r : A — > M„ be 
evaluation at 1 £ T. Let a : M„ — > M n © M n denote the map a(x) = (x, x). Let 
f3 : B —> M n © M„ be the map /3(f) = (/(0), /(!)). We have a pull-back diagram 



.4 



B 



M„ 



M„ffiM„ 



and hence by Theorem 21.5.1] a six-term exact sequence of the form 



K° (M n © M n 



K\A) 



(-«*,/3*) 



7T* +fc* 



K°(M n ) © 



K l (M n )®K l (B) 



K\M n ). 



K°(M n @M n ) = ZffiZ is generated by [71-1] and [7r 2 ] where 7ri,7r 2 : M n ©M„ -> M„ 
are the coordinate projections. i<T°(M„) = Z is generated by the class of the identity 
map id on M n . Note that 



n*([id]) = -[A?] 



L*([h? ]) = [Af }, 



i= 1,2,. 



(-a*,j9*)(o[7ri] + 6[tt 2 ]) - (-(a + b)[id], (a + b) — [Af ]). 

cti 

As 7r* + a* maps onto if°(^4) (because K 1 (M n ) — 0) and as im(w*) C im(t*), we 
see that t* is surjective. Assume that = 0. Then (0,x) S im(—a*,f3*) and 

hence x = by t he above. Thus i* is an isomorphism and the conclusion follows 
from Lemma 4.1. □ 



Proposition 4.3. Let A = A(n, d%, d®, . . . , (In) and B = A(m, ei, e%, . . . , eyi) be 
building blocks and let h : K (B) — > K° (A) be a group homomorphism. For every 
j = 1,2,..., M , i = 1, 2, . . . , N, there is a uniquely determined integer hji, with 
< hji < j- for i ^ N , such that 



fh([Af})\ fhn 
h([Af]) h 21 



Ml 



h-12 
h 2 2 



I'M 2 



hiN \ 

fl2N 



[A, 41 



h MN J \[A£]/ 



This will be called the standard form for h. 

The integers determined by h above satisfy the equations 



m 
— h 



3 1 



777 77 

hui mod — , 

eu di 



j 1-2 \l. 7=1,2, 



m 



N 



y hjidi = — h 

^ e M ^ 



JY 



>Mi< 



1,2,. 



M. 



,N, 
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Proof. By Proposition or simply because nomotopic *-homomorphisms A 



M n define the same elements in K°(A), we have that 



1,2,. 



From this the existence follows. 
To check uniqueness, assume 

/ hu hu 

tl2l /l22 



\hMi 



>M2 



h-MN ) 



where 



n n 



1,2, 



\ 








[A#] 








= 


J 






V- 


1, 3 = 


1,2,...,M. 



Fix some j = 1,2 



, M. By Proposition 4.2 there exist integers bji such that 
1, 2, . . . , N. Therefore h ri = for i = 1, 2, . . . , N. 
Finally, to prove the equations above, fix again some j = 1, 2, . . . , M. Note that 



= m = h(-^[Af] + £[Af 7 ]) = 5>^/* 



iV 



Hence there exist integers 6^, i = 1,2, 



"/lAft)[A- 



, N, such that 53i=i = an d 



flj'i 1 «Mi 

e 7 e M 



□ 

e A /) be 



The desired conclusion follows easily from these equations. 

From now on, let A = di, c?2, • ■ ■ , d/v) and B = A(m, e±,e2, 
building blocks. Define a group homomorphism 

T : KK{A,B) — > Hom(K°(B),K°(A)) © K\(B) 

by 

We want to show that Y is an isomorphism in certain cases. 

K (A) be a group homomorphism with stan 



Proposition 4.4. Let h : K°(B 
dard form 

/h([A?})\ fh n h 12 
h([Af]) I h 21 



22 



hi N ^ 

h-2N 



\h([A*])J \h M1 h M2 ... h MN J \[A£]J 

where h, jN > for j = 1,2,..., M, and J2iLi h Midi = e M - Let \ € Kx(B). 
There is a unital * -homomorphism ip : A — > B such that T([ip\) = (h, \)- 



Proof. Let 1 < i < N. By Proposition 4.3 there is an integer Si, < s, < 
integers Iji, j = 1, 2, . . . , M, such that 



and 
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Note that Iji > for i — 1, 2, . . . , N — 1, and IjM > 1- By Proposition 4.3 we see 
that for j = 1,2,..., M, 

N N N 

m = h M idi — — h jt di = ^fen + s l d i ). 

2—1 J 4 — 1 4 — 1 

By ([l]) there exists a unitary Vj £ M m such that the matrix 

^diag(Af (/),..., AJf (/), f( Xl ),.. .,f( Xl ), f(x N ),.. .,f(x N )) V* 

Iji times IjN times 

belongs to M ej C M m for all / e A. 
Set 

AT iV 

L = -(m - Sid,) = E ijj, j = 1, 2, . . . , M. 

U i=l i=l 

Let x%,X2, ■ ■ ■ , xn denote the exceptional points of A and let yi,y2, ■ ■ ■ , Vu be those 
of B. Choose continuous functions Ai, A2, . . . , T —> T such that 

(\i(yj),\ 2 (yj),...,\ L -i(yj)) = ( xi, . , xi , . . . , x N -i, ■ . .,x N -i , x N , . „ , x N ) 

lj\ times Ij(N-l) times times 

as ordered tuples. Choose a unitary U G C(T) ® M m such that U(yj) = Vj. Define 
a unital *-homomorphism ip : A — > B by 

1>(f){z) = L/(*)diag(Af (/), ...,A'« (/), f(\i(z)), f(X L -i(z)), f(x N ))U(z)*. 
By Theorem |3.2| we have that x = Sj=i a j [Uf] for some 01, ■ ■ ■ , Q,m € Z. Let 

M 

^*b A ] = EW*] 

i=l 

in ifi(S). Define £ : T -> T by 

M 

ew-n^^fW) 03 "" 3 ' ( 2 ) 

and define Al : T — > T by Al(z) = £(z)xat. Note that Xh(yj) = xn, j — 1,2, ... , M. 
Define <^ : A — > _B by 

<p(f)(z) = C/(z)diag(A 1 1 (/), . . . , A^(/),/(A 1 (z)), . . . , f{\ L {z)))U{z)*. 

By Lemma ^3 and (||) we see that in Ki(B), 

<p4v A ] = + [2 ^ [/(^)diag(l, 1, . . . , 1, v a (Al(«))w a (i^)*)C/(z)*] 

= + - Wfl = E^f ]• 

3=1 J'=l 

Since <p{f){Vj) = i J {f){yj)> f ^ A, j = 1,2, . . . , M, we conclude that 

JV AT 

p*([Af]) = [A? o = [Af o ^] = 5> + ^ J)|[Af ] = E MAf ] = M[Af ])• 

Z— 1 '' i — 1 

□ 
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Lemma 4.5. Let h : K (B) — > if (A) &e a group homomorphism and assume that 
there exists a homomorphism h' : K (B) — » AT°(A) wit/i standard form 



(h'([Af])\ fh' n h 



h'([A 



\h'([A.f,])/ 

tforj = 
K E KK(A, B) such that n 



12 
/ 

'22 



l 2Af 



\h' M1 h' M2 . . . h' MN J \[A N ]J 



where h'j N > for j — 1,2, ...,M, and ~Y^f—\h' Mi di = em- Then there is a 

h in Hom(K°(B),K Q (A)). 



Proof. By Proposition 4.4 there exists an element v E KK{A, B) such that v* = h'. 
Let h E Hom(K°(B),K JT {A)) have standard form 



/M[Af])\ 



M[Af 



//ill 

^21 



/ll2 
/l22 



hlN \ 



I-2N 



[Af 



\h([Afj])J \h M1 h M2 ... h]\jpj J \[A%]J 

By adding an integer-multiple of hi we may assume that hjN > for j = 1, 2, . . . , M. 
Define Iji and s,, i = 1, 2, . . . , N, as in the proof of Proposition 4.4. Let 



AT 



JV 



C= h Midi = — ^2 h ii d i = ^^( l ji n + s ^i); J = 1) 2, ... , M. 

Z— 1 J t—1 2 — 1 

Choose a positive integer d such that c < dm. Choose for each j — 1,2,..., M, a 
unitary Vj E M<j m such that the matrix 

^diag(Af (/), . . . , A™ (/), f( Xl ), /(zi), . . . , /(^), . . . , /(xjy), 0, . . . ,0)V; 

Zji times Zjtv times dm—c 

belongs to Md ej Q Mdm for all / E A. 

As in the proof of Proposition 4.4 these matrices can be connected to define a 
*-homomorphism ip : A — > Md(B). We leave it with the reader to check that <£>* = 
on K°{B). Set k = [ip]. □ 

Proposition 4.6. Assume that there exists a homomorphism h! : K (B) — > AT°(A) 
wii/i standard form 



f h '.{[ A l})\ h> P 

'22 



ft'([Af]) /i 21 h> 2 , 



\h'{[A B M ])) 



K N \ /[Af\\ 

^2N [A^] 



\h' M1 h' M2 



'MAT 



/ V[A£]/ 



where h'- N > -j- for j = 1,2, . . . , M , and ^2n—\h' Mi di — e^j- Then the map 
r : KK(A, B) -> Hom(K°(B),K°(A))®K 1 (B) is an isomorphism. 

Proof. By Theorem there exist finite abelian groups G and H such that K\ (A) = 
Z © G, Ki(B) = Z © if . By the universal coefficient theorem, |2^, Theorem 1.17], 

KK(A,B) = Ext(K (A),K 1 (B))®Ext(K 1 {A),K (B))® 

Hom(K (A), K Q {B)) © iJom(ATi(A), K X (B)) 

^0®G®Z®Hom(G,H)®Ki(B). 



IS 
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K^A) and K°(B) ^ K t {B). 



By the universal coefficient theorem again, K°(A) 
Hence 

Hom(K°(B),K°(A)) © K X {B) * #i(j4) © Hom(H, G) © K\{B). 

Note that Hom(G,H) = Hom(H,G). Thus Hom(K°(B), K°(A)) ® K X {B) and 
iCif (A, i?) are isomorphic groups. Since any surjective endomorphism of a finitely 
generated abelian group is an isomorphism, it suffices to show tha t T is surjective. 

Let (h,x) G Bom{K°(B),K°{A)) © Ki(B). By Lemma fh5| there exists an 
element k 6 KK(A, B) such that = (h — h' , rj) for some G ifi(-B). Next, by 
Proposition 4.4 there exists a ^ G KK(A,B) such that = — v)- Thus 

r(/t + i/) = (ft,x). □ 



Theorem 4.7. Let /I = A(n, d\, d,2, ■ ■ ■ , (In) and B = A(m, e\, e%, . . . , eu) be build- 
ing blocks such that s(B) > Nn and assume that there exists an element n in 
KK(A,B) e . Then the map P : KK(A,B) -> Hom(K°(B), K°(A)) © Ki(B) is 
an isomorphism and there exists a unital *-homomorphism ip : A — > B such that 
[<p] = K. 



Proof. Let k* : K°(B) K°(A) have standard form 

/**([Af])\ Mn h 12 ... h 1N \ 

2]) ^21 h22 ■ ■ ■ h 2 N 



«*([Af]) 



/[Ar]\ 



v«*([A&])y v^/i ^2 ... h MN j \[A£]j 

Let • denote the Kasparov product. By assumption we have that [1a] • K — [1b] hi 
KK{<C,B) ~ K (B). Thus 



[l B ]-[Af] = [U].«.[Af] = [l A ] 



TV 

»=i 



in KK(C, C) = Z. Hence = X)j=i ^ji<i f° r J = 1)2,..., M. This implies that 



hw > ~r~ since 



A" 



jV-1 



ATn < ej = /ijjdi < — dj + hj^dN = (N — l)n + hj^djs ■ 



Therefore T is an isomorphism by Proposition 4.6. By Proposition 4.4 there is a 
unital *-homomorphism ip : A — > B such that r([y>]) = T(k). Thus [<p] = «. □ 



5. The commutator subgroup of the unitary group 

In this section we analyze the unitary group modulo the closure of its commutator 
subgroup for building blocks. 

Lemma 5.1. Let A be a unital inductive limit of a sequence of finite direct sums 
of building blocks. Then the canonical maps no(U(A)) — * K%(A) and iri(U(A)) — ► 
Kq(A) are isomorphisms. 

Proof. Following we let k n {-) — 7r n +i ({/(•)) for every integer n > — 1. By [ p3[ 
Proposition 2.6] it suffices to show that the canonical maps k-±(A) —* k-i(A&>lC) = 
Ki(A) and k (A) — > k (A®JC) = K (A) are isomorphisms, where /C denotes the set 
of compact operators on a separable infinite dimensional Hilbert-space. As noted 
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in p^] it follows from [jTi], Proposition 4.4] that k n is a continuous functor. Since 
it is obviously additive, we may assume that A is a building block. 



As in the proof of Theorem 3.2 we see that there exists finite dimensional C* 



algebras F\ and F 2 such that we have a short exact sequence of the form 

> SFi ► A ► F 2 > 0. 

Apply [^3|, Proposition 2.5] to this short exact sequence and the one obtained by 
tensoring with K to obtain two long exact sequences for k n . It is well-known that the 
canonical maps ki{F 2 ) — > ki(F 2 ®/C) and ki(SFi) —> ki(SF 1 (g)/C) are isomorphisms 
for i = —1,0 (cf. |23| Lemma 2.3]), so the theorem follows from the five lemma in 
algebra. □ 



Let A be a unital C*-algebra. Let tca ■ U(A)/DU(A) —> K\{A) denote the group 
homomorphism 7Va(q'a( u )) = [ u ]- 

Proposition 5.2. Let A be a unital inductive limit of a sequence of finite direct 
sums of building blocks. There exists a group homomorphism 



X A : AffT(A)/ PA (K (A)) -> U(A)/DU(A), 
X A (q A (a)) = q' A (e 2 " a ), a £ A sa . 



This map is an isometry when AffT(A)/ pa(Kq(A)) is equipped with the metric dA, 
and it gives rise to a short exact sequence of abelian groups 



> AffT(A)/ pa(Kq(A)) -*±-> U(A)/DU(A) K 1 (A) > 0. 

This sequence is natural in A and splits unnaturally. 



Proof. Combine Lemma 5.1 with [E6L Lemma 6.4]. □ 



Proposition 5.3. Let A = A(n, d±, d 2l ■ ■ ■ , d/v) be a building block. Let u G A be a 
unitary. Assume that 

Det(u(zj) = 1, zeT, 
Det(Ai(u)) = 1, i= 1,2,..., N. 



Then u G DU(A). 



Proof. First note that [u] = in by Lemma |J. Hence q' A (u) = g^(e 27ria ) 

by Proposition |5.2| for some self-adjoint element a e A. Since 

Det(«(«)) = Def(e 2na W) = e 2«TV(a(*)) 

it follows that Tr(a(z)) = k for some fc G Z and all z G T. Hence a = ^1 in 
AST(A) by Lemma |J. By applying we get that q' A (u) = q' A (e 2ma ) = q' A {\l), 
where A = e 27rl £ . Since Det(A t (u)) = 1 we see that A* = 1, i = 1, 2, . . . , N. Thus 
A d = 1 where d = gcd{d\,d 2 , ■ ■ ■ , djy). But then - = k f° r some i £ Z. It follows 
by Corollary [T?] that M £ pa{Kq (A)) and hence by Proposition 5.2 we get that 
Al G DET(.A). □ 
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Lemma 5.4. Let A = A(n, d\, d,2, ■ ■ ■ , djy) be a building block with exceptional 
points Xi,X2, ■ • ■ , xn. Let g : T — > T be a continuous function and let hi G T 

be such that hp — g(xi), i = 1, 2, . . . , N. There exists a unitary u G A such that 

Det(u(zj) = g(z), z G T, 

Dei(Aj(u)) = h u i = 1,2, . . . , N. 

Proof. Choose a continuous function / : T — > T such that f{xi) i — hi. Define a 
unitary v^Ahyv — f®\. Since 

f(xi) n = h^ = g(xi), 
we can define a unitary w G A by 

W (z)=diag(. 9 (z)/(z)-",l,l,...,l), ZGT. 
Set u — wv. □ 



Det(Ai(w£)) 



Let A — A(n,di,d2,-.-,disr) be a building block. By Lemma 5.4 there exist 
unitaries wf, u>2, ■ ■ ■ , w N G A such that Det{w^{z)) = 1, z € T, k = 1, 2, . . . , N, 
and such that 

'l Z^fc, 
exp(2?ri^) I = k. 

Let ^4 = A(n, di, d2, ■ ■ ■ , d/v) and B = A(m, ex, e2, . . . , ejw) be building blocks. 
Let <y9 : A — * B be a unital *-homomorphism. As in |26| Chapter 1] we define 
s v (j, i) to be the multiplicity of the representation Af in the representation A^ o ip 
for i = 1,2,.. .,7V, j = 1,2,. ..,M. 

The following theorem shows that there is a connection between KK(A, B) and 
the torsion subgroups of U(A)/DU(A) and U(B)/DU(B) when A and are build- 
ing blocks. 

Theorem 5.5. Let A — A(n, dx, cfe, • • • , d/v) an d £? = A(m, ex, e2, ■ ■ ■ , &m) be build- 
ing blocks and let tp,ip '■ A — > B be unital *-homomorphisms. The following are 
equivalent. 

(i) in Hom(K (B),K°(A)), 

(ii) s*(j, i) = s^(j, i) mod i = 1,2,. .., 7V, j = l,2,..., M, 
(hi) ip#(x) = ip*{x), x G Tor(U{A)/DU(A)), 

(iv) V*{q' A {w£))=^#{q> A {Ol k = l,2,...,N. 

Proof. For each i = 1, 2, . . . , N, j = 1, 2, . . . , M, let r\ and be the integers with 
< r\, s\ < f-, and r\ = s v (j,i) mod f-, s\ = s^(J,i) mod By Lemma 
there exist a{ , . . . , . , 6{ , . . . , b J L . G T and unitaries uj , vj G M ej such that 

A? o = % diag(Af 1 (/), A^(/), . . .,aJ (/), /(a{), f{a{), /(<.)>*, (3) 
Af o ^(/) = Wi diag(A^ (/), A^(/), ■ ■ • , Af(f),f(b{),f(bi), . . .,f(bi } ))v*. (4) 
Since 

e -j ^2 • K i n = X! s * di + / -'"- 

i=l i=l 

we remark that if (ii) holds then Kj = Lj, 3 = 1,2, ... , M . 
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Note that 



N N-1 



<p*([Af ]) = £rf[Af] + — [A#] = 2 [Af] + (^— + ri)[A^], 

1— 1 z— 1 
N N-l 

V/([Af ]) = £ 4[Af ] + L^[A£] = ^ S |[Af] + {Lj-r- + s%)[A N }. 
: un : un 

2— 1 1 



By Proposition 4.3 we see that ip* — ip* if and only if for every j = 1, 2, . . . , M, 

Tl Tl - 

K 3-T+ r N = L ]-r + S Ni and *i=«i. t = l,2,...,JV-l. 

«AT CliV 

It follows that (i) holds if and only if r\ — s\ and Kj = Lj for every i,j. But this 
statement is equivalent to (ii) by the remark above. 

Assume (ii) holds. To prove (iii), let u 6 A be a unitary such that qA(u) has 
finite order in the group U(A)/DU(A). Then Det{u{-)) is constant. By (g), (|), 
and since Kj — Lj, j — 1,2, ... , M , it follows that 

Det(Aj(ip(u))) — Det(Aj(ip(u))), j = 1, 2, . . . , M. 

In particular, Det(ip(u)(-)) equals Det(ip(u)(-)) at the exceptional points of B. On 
the other hand, Det(ip(u)(-)) and Det(ip(u)(-)) are constant functions on T and are 
hence equal everywhere. We may therefore use Proposition |^ to conclude that 
^{.IaW)) = ^*(g J 4(u)). (iii) =>- (iv) is trivial. Assume (iv). By and (|j), 

cxp(27rz^V fe ) = Det(Af o = Det(Af o $(w£)) = exp(2™^4). 

Hence ri — sj, for k = 1, 2, . . . , N, j = 1, 2, . . . , M, and we have (ii). □ 



Proposition 5.6. Let A and B be finite direct sums of building blocks, let (p,ip : 
A — > B be unital *-homomorphisms, and let x be an element of finite order in the 
group U(A)/DU(A). If [<p\ = [tp] in KK(A, B) then <p*(x) = ^*{x). 

Proof. We may assume that B is a building block rather than a finite direct sum of 
building blocks. Let A — A\ © A2 © • • • © An where each Ai is a building block, and 
let Li : Ai — > A denote the inclusion. Let pi,P2, ■ ■ ■ ,Pr be the minimal non-zero 



central projections in A. Since </?*[Pi] — z ip*[Pi] m A'o(-B), it follows from Lemma 3.4 
that there is a unitary u S B such that uip(pi)u* = ip(pi), i — 1, 2, . . . , R. Hence 
we may assume that <p(j>i) = ip(pi), i = 1, 2, . . . , R. Set qi — <p{jpi). 

Let <fi,ipi ■ Ai — > qiBqi be the induced maps and let : qiBqi — > £> be the 
inclusion, j = 1, 2, . . . , i?. If % ^ then [e*] S KK(qiBqi, B) is a ATif-equivalence 
by j§| Theorem 7.3]. Thus 

[93.;] = [ei] -1 • [tp] • [ij] = [e;] _1 • • [ii] = [ipi] 

in KK{Ai, qiBqi). Let x = ( it) where u <E A is a unitary. Let u = YliLi L i{ u i) 



where Ui £ At. By Theorem 5.5 and Corollary 3.5 we see that ifi(ui) = ipiiui) mod 
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DU(qiBqi) and thus ej oip^Ui) + (1 — ft) = £i ° i>i(ui) + (1 — ft) mod DU(B). Hence 
R R 

<p(u) = jj + (i - Pi)) = ° ^( u «) + i 1 - *)) 

i=l i=l 

=n( e i°v , i(«i)+( i -ft)) =n^(^K)+(!-p t )) =^(«) 



modulo DU(B). □ 

6. HOMOMORPHISMS BETWEEN BUILDING BLOCKS 

In this section we improve a result of Thomson on *-homomorphisms between 
building blocks that will be needed in the next section. 
Whenever 6i, 62, ■ ■ ■ , 0l are real numbers such that 

0i < 2 < ■ ■ ■ < L < 0i + 1, 

it will be convenient for us in the following to define 8 n for every n £ Z by the 
formula 8 P L+ r = 9 r +P, where peZ, r = 1, 2, . . . , L. Note that for every n E Z, 

$n < #n+l < • • • < $n+L < 6 n + 1) 

and 

^ e 27ri6"i ^TTidi e 2Tri8 L ^ _ ^2ni6 n e 27ri<?„ + i e 27ri<?„ +i -j 

as unordered L-tuples. 

Lemma 6.1. Let ai, a 2 , . . . , &l £ T and iei fc 6e an integer. There exist real num- 
bers 61,62, ■■■ ,0l such that 

61 < 62 < ■ ■ ■ < 6 L < 61 + 1, 

smc/i i/iai X)r=i ^ e + an d suc h that 

(ai, «2, • • • , azj — (e ,e ) 

as unordered L-tuples. 

Proof. Choose u>i, U2, ■ ■ ■ , wl € [0, 1[ such that Wi < uj 2 < ■ ■ ■ < ujl and such that 

(ai , 02, • • • , Oi) = (e 27 ^ 1 , e 2 ™^ , . . . , e 2 ^ ) 
as unordered L-tuples. Let Z be the integer such that Y^r=i Wr e [M + ![■ Set 

Lemma 6.2. Assume that 

(exp(27ri#i), . . . , exp(27ri6*L)) = (exp(27rio;i), . . . , exp(27riu;i,)) 

as unordered L-tuples, where 61,62, ■■■ ,6l and loi,lo 2 , . . . ,u>l are real numbers such 
that 

61 <6 2 < ■■■ <6 L <6i + l, 

Wl < 0J2 < • • • < Wi < uii + 1. 
T/ien 6*j = w r +j, j = 1, 2, . . . , L, where r = Y^j=i(®i ~ w j)- 
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Proof. Choose m£Z such that 9 rn < 9 m+ i and choose n G Z such that 
Assume that 

@m+p — ^n+q ~\~ k. 

for some integers p, q with 1 < p < L, 1 < q < L, and an integer k. Then 

— 1 < 9 m+ \ — Qra+L < Om+1 — #m+p = k>n+l — ^n+g — < — 
< #m+p - Q m +1 = V n +q + k — iO n+ \ < UJ n+q + k - LU n < 1 + k. 

Hence k = 0. By assumption it follows that for every x £ K, 

#{j = 1, 2, • . . , L : 9 m+j = x} = #{j = 1, 2, . . . , L : ui n+j = x}. 

Thus 

as unordered L-tuples. Therefore 

9m+j = W„+j , j = 1, 2, . . . , L. 
Hence 8j = uj n - m +j for j = 1, 2, . . . , L. From this it follows that r = n — m. □ 

Proposition 6.3. Let Ai, A2, . . . , Al : [0, 1] — > T fee continuous functions and let 
k be an integer. There exist continuous functions Fi, F2, ■ ■ ■ , Fl : [0, 1] — > M suc/i 
£/ia£ 5Zj=i ^i(O) ^ [fe, + 1[ cmd smc/i i/iai /or eac/i f £ [0, 1], 

Fi{t) < F 2 (t) <■■■< F L {t) < Fx{t) + 1, 

and 

(Ai(i), A 2 (t), • • ■ , Ax(t)) = (ex P (27r^ 1 (t)),exp(2 7 riF 2 (t)), . . . , exp(2™L L (t))) 
as unordered L-tuples. 



Proof. Choose a positive integer n such that 

|a-t|< - =► p(A,( S ),A,(<)) < — , s,i g [0,1], j = l,2,...,L. 
We will prove by induction in m that there exist continuous functions F\ , . . . . Fl 



that satisfy the above for t G [0, — ]. The case m — follows from Lemma 6T 



Now assume that for some m = 0, 1, . . . , n — 1 we have constructed continuous 
functions F x , F 2 , . . . , F L ; [0, _, R such that £^ =1 F, (0) G [fc, A; + 1[, and such 
that for each t G [0, f], Fi(f) < F 2 (t) < ■ ■ ■< F L (t) < Fi(t) + 1, and 

(Ai(t), A 2 (t), . . . , A z (t)) = (exp(27riF 1 (t)),exp(27riF 2 (i)), . . . , exp(2™F L (t))) 

as unordered L-tuples. Choose a m G R such that p(e 2 ' Ktam , Aj (— )) > 5^ for 
j = 1,2, ... ,L. Choose continuous functions Gj : [— , -^]a m ,a m + 1[ such 

that for each t G [f, 

Gi(t)<G 2 (0<---<G L (t) 

and 

(Ai(i), A 2 («), . . . , A L (i)) = (exp(27riGi(i)),exp(27riG 2 (i)), . . . , exp(2™G L (t))) 
as unordered L-tuples. Set for j = 1, 2, . . . , L, p £ Z, 

G pi+: ,(t) = G J (t)+p, te[-— ]■ 

n n 
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By Lemma 5.2 there exists an integer r such that for j = 1, 2, . . . , L, 
Define for j — 1, 2, . . . , L, a continuous function i*^ : [0, — > K by 

F{, F2, . . . , F' L satisfy the conclusion of the lemma for f G [0, □ 

Proposition 6.4. Let A = A(n, d±, d,2, . ■ ■ , djy) and B = A(m, e%, ■ ■ ■ , bm) be 

building blocks and let ip : A — > B be a unital *-homomorphism. There exist integers 
ri,r2, . ..,rjv with < Ti < 4p an integer L > 0, and a unitary w G M m such 
that if ip : A — > B is a unital *-homomorphism with ip# (q' A (ui A )) = ip# (q' A (ui A )) , 
k = 1, 2, . . . , AT, and if 7 : T —y K is a continuous function such that 

Det(i/j(v A )(z)) = Det{tp(v A ){z)) exp(27ri7(z)), z G T, 

t/ien 93 and ip are approximately unitarily equivalent to *-homomorphisms of the 
form 

^(/)(e 2 -<) = u(t)diag{A?(f), . . . , A™(/), /(e^W), . . . , f{e^ F ^))u(t)\ 

V/Cf )(e 2 ™*) = v{t)diag{f$ (/), . . . , A™ (/), /(e 2ffiGl «), . . . , /(e^* <*>))«(«)*, 

where u, v G C[0, 1] ®M m are unitaries with u(0) = v(0) = 1, = v(l) — w, and 
F\, F2, . . . , Fl : [0, 1] — > R and Gi, G2, . . . , Gl '■ [0, 1] — > M are continuous functions 
such that for every t G [0, 1], 

*i(t) < *s(t) < • • • < F L {t) < Frit) + 1, 
G x (t) <G 2 (t) <•••<(?£(«) <Gi(t) + l, 

and smc/i i/io< 7(e 27 ™*) = £^=1 - ^r(i)) /or eijert/ i G [0, 1]. 

Proof. By |26| , Chapter 1] it follows that ip is approximately unitarily equivalent to 
a *-homomorphism ipi : A — > £> of the form 

^i(/)(e 2 ™*) = u (t)diag(A?(/), . . .,A™(/), /(A x (t)), . . . , /(Ai(t)))«oW* (5) 

for £ G [0,1], where n, ra, . . . , rw are integers, < r*j < i — 1,2,..., TV, 
Ai, A2, . . . , Xl ■ [0, 1] — y T are continuous functions, and uq G G[0, 1] €5 M m is a 
unitary. Let Z denote the winding number of Det(ip(v A )(•)). Let y be a unitary 
(in) x (in) matrix such that 

ydiag(ai,a 2 , ...,a L )y* = diag(a L , a x , a 2 , . . . ,a L -i) 

for all oi, a2, . . . , Ql G M m . Set 

w = diag(l,l,...,l,?/). 

V » ' 

rn—Ln times 

Let now ip : A — > £> be given. As above ^ is approximately unitarily equivalent 
to a *-homomorphism ipi : A — > £? of the form 

V-i(/)(e 2 "*) = «oWdiag(A s 1 1 (/), . . . , A# (/), /(/*(*)), ■ •• , /( M x(t)))«o(t)*. 
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Note that 



777 777 77 

S v(j, i)- = (j, i)- = n + #{r = 1,2, . . . ,L : X r ( yj ) = x^, 

Gj Gj d% 

s+(j, 0- = s*(j, »)- = Si + #{r = 1, 2, . . . ,K : » r { Vj ) = x^ 

Gj Gj Q% 



By Theorem 5.5 it follows that = Si, i = 1, 2, . . . , N. And since 

N N 

m = Kn + Sidi = Ln + ridi 

i=l i=l 

we see that K = L. 

By Proposition |6.3| choose continuous functions Fi, F%, . . . , Ft : [0, 1] — > M such 
that for every i 6 [0, 1], 

Fx{t) < F 2 {t) <■■■< F L {t) < Fx(t) + 1, 

and such that 

(A x (t), A 3 (t), . . .,A L (f)) = (e 2 ^W,e 2 ^(*), . . . , e 2 -^(*)) 



as unordered L-tuples for each t G [0,1]. Again by Proposition 6.3 there exist 
continuous functions Gi, G2, ■ • ■ , Gl '■ [0, 1] — > K. such that for every i G [0, 1], 

G x (t) < G 2 (t) <■■■< G L (t) < Gx(t) + 1, 

such that 

(Mi), M2 (t), ■ • ■ , Ml (t)) = (g^iW, e ^(*), . . . , e ^W) 
as unordered L-tuples for each t 6 [0,1], and such that 

L L 

|£Gr(0)-X>r(0)+7(l)l<l. (6) 
r— 1 r— 1 

It follows from (||) that 

(exp(2 7 riF 1 (0)), . . . , exp(2™F L (0))) = (exp(27riFi(l)), . . .,exp(2mF L (l))) 



as unordered L-tuples. Since / = X)r=i(^Ml) — ^r(0)) we see by Lemma 3.2 
that F r (l) = F r+ i(0) for each r = 1,2,..., L. Similarly, as Det(ip(v A )(-)) and 
Det{ijj{v A ){-)) have the same winding number, G r (l) = G r+ ;(0), r = 1,2, ... ,L. 

Let ti,t2, ■ ■ ■ , tM G]0, 1[ be numbers such that e 27 " tj , j = 1,2,..., M, are the 
exceptional points of B. By (^) there exist a unitary Wj G M m such that 

% diag(A^(/), • ■ ■ , A^(/),/(e 2 " Fl ^)), . . . , f {a 2 " iF ^))u* G M ej C M m 

for every f £ A. Choose a unitary u G G[0, 1] £g> M m such that u(tj) = Uj, 
j = 1,2,..., M, u(0) = 1 and u(l) = w. Note that for every / G A, 

u(0)diag(A^(/), . . .,A r N N (f), /(e M ^), . . . , /(e 2 " F -( )))u(0)* 

= U (l)diag(A^(/), . . . , A™(/), /(e 2 ^«), . . . , /( e 2 ^M)) u (l)*. 

It follows that we may define a unital *-homomorphism <p' : A — > £? by 

^'(/)(e 2 ^) - u(t)diag(A?(/), . . • , A^(/), /(e^W), . . . , /(^W))^)', 

for / G A, i G [0, 1], Then for every / G A, z G T, 

Tr(vK/)(*)) = Tr(^(/)(z)) = Trfe/(/)(z)). 

Hence </? and </?' are approximately unitarily equivalent by pq, Theorem 1.4]. 
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Similarly we see that there exists a unitary v G C[0, 1] ® M m such that w(0) = 1 
and v(l) = w, and such that 

^(/)(e 2 ^) = «(t)diag(Ar(/), . . . , A$?(/), /(e 2 « Gl M), . . ., /(e 2 ™ G ^> )>(*)* 

defines a *-homomorphism that is approximately unitarily equivalent to ip. Finally 
note that by (§) we have that 7 (e 27rit ) = ^ =1 (G r (i) -F r (*)) for every i £ [0,1]. □ 

7. Uniqueness 

The purpose of this section is to prove a uniqueness theorem, i.e a theorem saying 
that two unital *-homomorphisms between (finite direct sums of) building blocks 
are close in a suitable sense if they approximately agree on the invariant. Many 
of the arguments here are inspired by similar arguments in M , [M , [Ed , En] , and 



16|. 



We start out with some definitions. Let k be a positive integer. A fc-arc is an 
arc-segment of the form 

where m and n are integers, m < n. We set 

I±e = {e™:te[j-e,^ + e)}. 
Define a metric on the set of unordered L-tuples consisting of elements from T by 
J?i((ai,a2, . . . , Oi), (6i,&2, ■ ■ ■ , &l)) = min ( max /j(a», 

where £ j, d enotes the group of permutations of the set {1, 2, . . . , L}. It follows from 
Lemma 7.3 below that it suffices to take the minimum over a certain subset of S^. 

Lemma 7.1. Let a\, a2, • • • , cll, b\, bi, ■ ■ ■ , &l G T and let e > 0. Assume that there 
is a positive integer k such that 

#{r : a r G 1} < #{r : b r G lie} 

/or aZ/ k-arcs I . Then 

i2i((ai,a 2 , • . - ,az,), (&i,&2, ■ ■ •>&£)) < 6 + r- 



Proof. For j = 1, 2, . . . , L, set 

X; = {x S T : p(x, a,-) < e + — } 

and 

C i = {r = l,2,...,L:6 r eX,}. 

Let S C {1, 2, . . . , L} be arbitrary. We will show that #5 < # U 3eS C,-. 

Let Yi, I2, ■ ■ ■ , Y m be the connected components of UjgsX,-. Choose for each 
n = 1, 2, . . . , m a fc-arc /„ such that J„ieC y„ and {a, : ; £ S} fl Y„ C J n . Then 

#{r : a r £ I n } < #{r : & r G J„ ± e} < #{r : 6 r £ F n }. 

If r 6 S 1 then a r € for some n. Hence 

rn m 

#S < #{r : ar G |J /„} < #{r : b r G Q F„} = #{r : & r G (J X,} = # (J C,, 

n=l »=1 jes jes 
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By Hall's marriage lemma, see e.g j|, Theorem 2.2], the sets Cj, j = 1, 2, . . . , L, 
have distinct representatives. In other words, there exists a permutation a of 
{1,2,..., L} such that p{aj,b a /j\) < e + 4 for j = 1, 2, . . . , L. □ 

Lemma 7.2. Let ai < a 2 < • • • < and b\ < 62 < • • • < &l &e reaZ numbers and 
let a be a permutation of {1, 2, . . . , L}. Then 

max la, — bA < max la., — b-tsA 
i<j<i i<i<i 

Proof. Let e = max |aj — ^o-(j) I- If e -g < a j ' ~ e f° r some j then cr must map the 
set {1, 2, . . . , j} into {1, 2, ... , j — 1}. Contradiction. □ 

The corresponding statement for the circ le is slightly more complicated. It can 



be viewed as a generalization of Lemma 3.2 . 

Lemma 7.3. Let 81,62, ■■ - ,0l and u>i,u>2, ...,u>l be real numbers such that 

01 < 02 <•••<#£< 01 + 1, 
U)\ < U)2 < ■ ■ ■ < U>L < U>\ -\- 1. 

There exists an integer p such that 

max \9j - LJ j+p I = R L ((e 2 ^ e 2 ™^ ) , (e 2 ™ 1 , . . . , e 27 "^ )) . 

Proof. Let e = R L ((e 2 ™ 91 , . . . , e 2 " 9i ), (e 27 "" 1 , . . . , e 27 ™^ )) . Note that < e < \. 
There exist y\, j/2, ■ ■ ■ , Vh £K such that 

as unordered tuples, and such that 

\B S -yj\<e, j = l,2,...,L. (8) 



By Lemma 7.2 we may assume that y\ < 2/2 < • • • < 2/l and still have that (|7|) and 
©hold. 

Choose an integer n, < n < L — 1, such that yi,?/2, • • • ,J/n < 3/l — 1 and 
J/i — 1 < 2/n+i, 2M+2, ■ ■ ■ ,VL- Then j/i + 1, . . . , y n + 1 e [t/i - 1, j/i] since yL <yi + 2 
by (||). Choose Zi, Z2, ■ ■ ■ , zl G [j/l — 1, yi\ such that zi < Z2 < ■ ■ ■ < zl and 

(zi,z 2 , . ..,zl) = (yi + l,...,y n + 1,2/n+i, .--jj/i) 



as unordered L-tuples. By (|8|) and Lemma |7.2| we see that max \zj — n +j | < e. By 
(0) and Lemma we have that Zj = uij+ m for some integer m. Hence 



max |0 3 - - u!j +m - n \ = max |0 n+ j - u* +m \ < e. 
j j 

The reversed inequality is trivial. □ 



The following lemma is fundamental in the proof of Theorem 7.5. 
Lemma 7.4. Let 9\, 62, ■ ■ ■ , Ol and lo\, u>2, ■ ■ ■ , ujl be real numbers such that 

01 <0 2 < ••• < 9 L <0i + L 

Ct>l < Ct>2 < ■ • • < UJl < <JJ\ + 1, 

and j Yl^—x {6j — <Jj)\ < S for some 5 > 0. Let e > satisfy that Le < 5 and 



R L {(e 2m61 , e 2 * 102 e 2mf>L ) , (e 2 ™ 1 , e 2 ™ 2 , . . . , e 2niu)L )) < 
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Assume finally that for some positive integer s, 

#{j : e 2 ^ G 7} > 25, 3 = \,2,...,L, (9) 
for every s-arc I . Then 

2 

\9j - ujj\ < e + -, j = l,2,...,L. 



Proof. By Lemma 7.3 there exists an integer p such that 

\6j -Uj+ P \ <e, j = 1,2, ...,L. 

Note that 

L L L 

\P\ = I J2^+p ~ ^ I Y&i+P - 6 j)\ + I - < Le + 5 < 25. 

Fix some j = 1, 2, . . . , L. Set 

' {e 2mt : lo 3 < t < uj j+p } ifp>0 
{e 27Tit : uj j+p <t<ujj} if p < 0. 

Since #{j : e 27 ™ 1 ^ G 7} < |p| we see by (|^) that J cannot contain an s-arc. Thus 
ujj+ p \ < ~. It follows that \6j —Wj\<e+£,j = l,2,...,L. □ 



Let A = A(n, di, cfe, • • • , djv) be a building block and p a positive integer. Let 7 
be ap-arc. Choose a continuous function f A : T — ► [0, ^] such that 7^ supp/^ C 7 
and such that equals at all the exceptional points of A. Choose a continuous 
function g A : T — > [0, 1] such that equals 1 on 7, such that suppg^ CI±i 

and such that supp g A \ I contains no exceptional points of A. Set 

H{A,p) = {f A ®l:Ip-Bxc}, 
H(A,p) = {g A 1:7 p-arc}. 



Theorem 7.5. Let A = A(n,di,d2, ■ ■ ■ ,(1n) be a building block. Let e > and let 

F C A be a finite set. There exists a positive integer In such that if I, p and q are 
positive integers with In < I < p < q, if B — A(m, e±, e.%, . . . , cm) is a building block, 
if <p,tp : A — > B are unital *-homomorphisms, and if 5 > 0, such that 

(i) f (£)>§, heH(A,l), 

(ii) heH(A,p), 

(hi) \\$(h)-$(h)\\<8, heH(A,2q), 

(iv) $$) >5, he H{A,^q), 

(v) ¥? #(^(^))=^(^(^)), k = l,2,...,N, 

(vi) D B ( v #{q' A {v A )),^#{q' A {v A ))) <\; 
then there exists a unitary W £ B such that 

\Mf)-Wi)(f)W*\\<e, f€F. 

Proof. Choose Iq such that for x, y G T, 

p{x,y)<y => \\f(x)-f(y)\\<L feF. 

In O 
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Let integers q > p > I > Iq, a building block B = A(m, ex, e%, ■ ■ ■ , e^r), and 
unital *-homomorphisms tp, ip : A — > B be given such that (i)-(vi) are satisfied. 
Choose c > such that for x, y E T, 

p(x,y)<c^ Mf)(x) - tp(f)(y)\\ < C -, fEF, 

p(x,y)<c^ \Mf){x)-i/>(f)(y)\\<~, .fEF. 

Let X\, X2, • ■ ■ , %n denote the exceptional points of A and let yx,yi, ■ ■ ■ , yu be those 
of B. Let for each j = 1,2,..., M, tj 6]0, 1[ be the number such that e 27Tltj = yj. 
Let r : T — > T be a continuous function such that p(r(z), z) < c for every z E T, 
and such that for each j = 1,2,..., M, r is constantly equal to % on some arc 

where < Oj < tj < bj < 1. Define a unital *-homomorphism % : _B — > £? by 
x(/) — / ° T - Set <^>i = x o <p and V'l = X V 1 - Then 

H/)-<^i(/)ll<|, /ef, 
||V>(/)-Vi(/)||<|, /6F. 

and "01 satisfy (i)-(vi). Let 

^(</)=«Mz; A )e 2 ™ b , 



where c 6 DU{B) and 6 £ _B is a self-adjoint element with ||&|| < ~. Note that 

Det((fx{v A )(z)) = Det(i/jx(v A )(z))exp(2mTr(b(z))), zET, (10) 
De^Aj-o^!^)) = Det(Aj o exp(27riTr(Aj(6))), j = 1,2,.. . , M. (11) 

Fix some j = 1,2,...,M. Let tj : M ej — ► M m denote the (unital) inclusion. 
By Theorem |3] and (v) we have that s Vl (j, i) = s^ 1 (j, i) mod f-, i = 1,2, . . . , N, 
j = 1,2,..., M. Choose sf, < s{ < f f , such that s\ = s^{j,i) mod |-. By 
Lemma 2.1 we see that for each z E Ij, 

Vl {f){z) = h (y{dmg(A^(f), Af(f),f(e 2 ^), /(e 2 ^ ))yf ), 
Mf)W = ^(^diag(A^(/), . . . , Aj (/), /(e Wl ), ■ /(e W ^ ))j/f ), 
for some unitaries y\,y\ E M ej and numbers ^,...,^.,1^,..., . E K. By 



changing y x and 7/2 we may by ( |1 1| ) and Lemma 6.1 assume that 

*j < 05 < ■ ■ ■ < < *j + 1, 

^1 < ^2 < ' ■ ' < w £>- < w i + !- 

and 

^-^)=Tr(A J -(6)). (12) 



:!() 
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Let J be a 2g-arc. By (iii), 

#{r:e 2 ^e/}n+ £ afo 

< Tr(Aj 0^(^(81)) 

< ejS + Tr(Aj o -01 (3/ ® 1)) 

< e^ + #{r :e w - el±-^}n+ ]T aj'dj 

{ii^iesuppgf } 

< #{r : e 2 ^ € 7 ± + £ afo- 

{i:xi£suppg^} 

The last inequality uses (iv) and that ||/jf||oo < 1 for some 4g-arc K. Hence 

#{r : e 27 " e " £ 1} < #{r : e 2m < 6 J± i-}. 

z<7 



Therefore by Lemma 7.1 



i? D . ( (e 2 -^ , e 2 "^ , . . . , e 2 " 9 -, ) , (e 2 ™^ , e 2 ™^ , . . . , e 2 ™^ )) < ±- + ±- < - . 

2q 2q q 



By (ii), if J is a p-arc then 

#{r : e w - £ J} > 2—, 
since ||/j[||oo < ^- Clearly ^z. < Furthermore, 

\J2(0 J r-4)\ = \Tr(A j (b))\<ej\\b\\< 



r=l 



By Lemma 7.4 it follows that 

H-4\<- + -<-, r = l,2,...,D j . 
q p p 

Let gi : [a>j,bj] — ► K be the continuous function such that g 3 r (a,j) — g 3 r (bj) = 6 J r , 
9r(tj) = u ?i an d such that g 3 is linear when restricted to each of the two intervals 
[aj,tj] and \tj,bj\. Note that 

\d(t)-6i\<-, r = l,2,...,D j . (13) 
P 

Finally, define a *-homomorphism ^ :j4-»C (Ij ) €5 M m by 

Zj(f)(e 2nU ) = 6 i (yidiag(Af (/), . . . , A$ (/) J(e 2 ^«), . . . , /(e 2 ™ 9 ^ (t) )) y r ), 

for t € [aj,6j], / e A 

Define a unital *-homomorphism £ : A — > £? by 



£(/)(*) 

Then by (115" 



(&(/)(«), Z6/;, j = l,2,...,M, 
\y>i(/)(z), z6T\U^ 1 / i . 
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Note that / i— > Aj o £(/) and / i— > Aj o (/) are equivalent representations of A on 
M ej , j = 1, 2, . . . , M. In particular, £ and V'l have the same small remainders, and 
hence t*{q' A {u£ )) = #f (g^(w^)), fc = 1, 2, . . . , N by Theorem |J. Let r) : T -> R 
be the continuous function 



77(e 27rit ) 



' t Er=M(t) -%) t€ [a ,b 3 ], 3 = 1, 2, . . . , M, 



I otherwise. 
For zeT, 

Det(f(v A )(z)) = Det(ip 1 {v A )(z))exp{2'iTiri(z)) 

= De*(^i(« A )(z)) exp(27riTr(6(z))) exp(27r^(z)) 
= L>ei(V'i(w A )(z))exp(27ri7(z)), 

where 7 : T -> E is defined by 7(2) = 77(2) + Tr(b(z)). Note that by @ 



D 3 

7(%) = tflfe) + Tr(b( Vj )) = - 01) + ™Tr(A#)) = 0, j = 1, 2, . . . , M, 

and 



6 j 



, ,, , , ss rn 3 m mm m 

7 00 < 77 00 + Tr (6 •)) 00 < Dj + - < 3- + - < 4-. 

CjP 'I l> '/ /' 

By Proposition S.4 > "01, and £ are approximately unitarily equivalent to tp^, 
ipi, and respectively, where (^Xf^ifC' : ^ — * ^ are *-homomorphisms of the form 

<p'i{f){e 2nit ) = u(i)diag(A[ 1 (/), . . ., A^(/),/(e 2 ^«), . . . , /(e 2 ^«)H*)*, 
</4(/)(e 2 ™<) - U (t)diag(A^(/), ■ • .,A r N N (f)J(e 2 ^% . . . , f{e 2 ^ G ^))v(i)\ 
i'{f){e 2mt ) = W (t)diag(A^(/), . . . , A™(/),/(e 2 ^«), . . . , /(e 2 *^*)))^)*, 

for integers ri, T2, . . . , J*jv with < 7"j < j-, i = 1, 2, . . . , TV, unitaries it, v, w in 
C[0, 1] (g> M m with it(0) = u(0) = w(0), u(l) = «(1) = to(l), and continuous 
functions F r , G r ,H r : [0, 1] — ► M, r = 1, 2, . . . , L, such that for t £ [0, 1], 

Fi(t) < F 2 (t) < ■ ■ ■ < F L (t) < Fi(t) + 1, 
G 1 (t)<G 2 (t)<---<G L (t)<G 1 (t) + l, 
Hx{t) < H 2 (t) <---<H L {t)< Hx{t) + 1, 

and such that for each t G [0, 1], 

L 

7(e 2 * u ) = Y,(Hr(t)-G r (t)). (14) 

r=l 

Hence 



(H r (t) -U r {t))\ < < W 

r=l 

It follows from (Oh that for each t € [0, 1], 



J2(H r (t)-G r (t))\<A-. (15) 



R L ((e 2 ^ {t \ e™^), (e 2 * iH ^\ . . . , e^'W)) < -. 

p 



32 JESPER MYGIND 

Let t G [0, 1] and let / be a 2g-arc. Then by (iii) and (iv) 

<Tr(^( S f®l)(e M )) 

< mS + TrW^gf® l)(e 2nit )) 

< m5 + #{r : e 2mGr(t) G I± — }n+ V r t d t 

4( ? r ■ ,- A l 

{trxiGsuppgrf } 

< #{r:e 2wiG -W G/±l}n + £ r<dj. 



Hence 



V 

{z:iEi fEsupp } 



2g 



It follows from Lemma 7.1 that for each t G [0, 1], 

2q 2q q 

We conclude that 

fli((e M '(^.. 1 (^'f , l) ) (e Ml ( ( ) t ...,e Wfll ( ( ))) <- + -<-. 
v ' q p p 

Since / i— > ip'i(f)(yj) and / i— > C(f)(Uj) are equivalent representations of A on 
M m for j = 1, 2, . . . , M, it follows that 

/ e 27riGi(t,) e 27riGz,(%)-j _ / e 27r-ifl"i(t 3 ) g 2iriHi(ii)\ 

as unordered L-tuples. Therefore, as 7(j/j) = 0, j = 1, 2, . . . , M, we see by Lemma 
3T2| and (Pi that 



G r fe) - flr(*i), r = 1, 2, . . . , L, j = 1, 2, . . . , M. 

As v(0) — w(0), v(l) = w(l), we may thus define a *-homomorphisrn /1 : A — > B by 

M (/)(e Mt ) = t,(t)diag(A^(/), . . . , A^f(/), /(e 2 ™^«), . . . , f{e 2mH ^))v{t)\ 

for / G A, t G [0,1]. Since 

Tr(fx(f)(z)) = Tr(£' (/)(*)) = Tr(£(f)(z)), z g T, / g A, 

we get from |2^, Theorem 1.4] that \x and £ are approximately unitarily equivalent. 
By (i) we have that for every ^-arc J, 

#{r : e 2mG ^ G J} > 8-. 

P 

As L- < 4^, we conclude from ( p^[ ) and Lemma [7.4| that 

4 2 fi 
\G r (t) - H r (t)\ <- + -<-. 

p t I 



Hence 



IIM/)-^(/)[[<^ f^F. 
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Choose unitaries U,V <E B such that 

U(f)-U/J,(f)U*\\ < ~, feF, 

\\^[(f)-VMf)V*\\<^ feF. 

6 

Set W = UV. Then for feF, 
\W)-Wil>(f)W*\\ 

< y(f) - MDW + WMf) - + U(f) un(f)u*\\ + 
\\un(f)u* - ui>[(f)u*\\ + \W[(f)u* - uvMf)v*u*\\ + 
\\wMf)w* ~w^(f)w*\\ 

e e e e e e 
6 6 6 6 6 6 



□ 



Lemma 7.6. Let B — A(m, e\,ei, ■ ■ ■ , cm) be a building block and let r £ B be a 

non-zero projection of rank s£Z. Let C = rBr and let u,v G C be unitaries. Then 

D c {q'c(u),q' c (v)) < 2n-D B (q' B (u + (1 - r)),q' B (v + (1 - r))). 

Proof. Let e = DB{q' B {u+{\ — r)),q' B (v+(l — r))). We may assume that e < 1 . Let 
b e B be a self-adjoint element such that uv* + (1 — 7-) = e 2 "^ modulo DU(B) and 
H&ll < e. Define c € C by c(z) = iTr(b(z))r. Since 6 = c we have that e 
modulo DU{B). Thus 

WW* + (1 - r) = e 2mc = re 27!lc r + (1 - r) modulo lW[B~). 



2nib 



C is a building block by Corollary |3.5| , and therefore it follows from Proposition [5^2 
that uv* = re 27rlc r modulo DU(C). Thus 



D c (q' c (u), q' c (v)) < \\re 2 ™r - r\\ < \\e 2 ™ - 1|| < 27r||e|| < 2njC. 



□ 



Let A = Ai © A 2 © • ■ • © A R , where ^ = A{ni,d\,a%, . . . , d^.) is a building 
block. For each i = 1,2,..., i?, we define unitaries in A by 

vf = (l,...,l,v A *,l,...,l). 

W ^ = (1,...,1, W ^,1,...,1), fc=l,2,...,JV < . 

Set U A = U^ 1 {w/ 1 fc : fe = 1, 2, . . . , iVj}. If p is a positive integer, we set 

H(A,p) = ulMH(A l ,p)), 

H(A,p)^utMH(A l ,p)), 

where Li : Ai — > A denotes the inclusion, i = 1, 2, . . . , R. 

Theorem 7.7. Let A = Ai®A2®- • -©Ar be a finite direct sum of building blocks. 
Let p\,pi, . . . ,pn be the minimal non-zero central projections in A. Let e > and 
let F C A be a finite set. There exists a positive integer I such that if p and q are 
positive integers with I < p < q, if B is a finite direct sum of building blocks, if 
ip , ip : A — > B are unital *-homomorphisms, if S > 0, if 
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1,2,. 



, R; 



(i) iWO>§, heH(A,l), 

(ii) /iG J ff(A,p)U{pi,p 2 , ■■■,?«}, 

(iii) ||£(ft)-£(ft)||<*, ftefffAH 

(iv) $(h)>8, h&H(A,4q), 

(v) £> fl (^#(^(^)) I ^(^(^)))< 3 l 7 , i 

and «/ at least one of the two statements 

(vi) M = [V] inKK{A,B), 

(vii) ip* = on .Ko(-A) an d 
are true; then there exists a unitary W G B such that 

\W)-W^(f)W*\\<e, fEF. 
Proof. For each i = 1, 2, . . . , R, let ii : Ai —> A be the inclusion and let 7Tj : A — > A; 



be the projection. Choose by Theorem 7.5 a positive integer Z with respect to the 
finite set Ki(F) C A, and e > 0. Set Z = maxj Zg. 

Let integers # > p > Z, a finite direct sum of building blocks B, and unital 
*-homomorphisms ip, ip '■ A — > _B be given such that the above holds. Since (vi) 



implies (vii) by Proposition 5.6, we may assume that (vii) holds. It is easy to reduce 
to the case where B = A(m, e±, e%, . . . , ejw) is a single building block. 

Since y*[pi] = in Kq(B) for i — 1,2, ... ,R, there is by Lemma 3.4 a 

unitary u G B such that utp(jpi)u* = ip(Pi) for every i = 1, 2, . . . , R. Hence we may 
assume that f(pi) = ip(pi), i = 1, 2, ... ,R. Set q+ = ip(pi). It follows from (ii) that 
qi ^ 0, i = 1, 2, . . . , R. Let ti be the (normalized) trace of qt. 

Let <pi, ipi : Ai — > qiBqi be the induced maps. Note that qiBqi is a building block 
by Corollary 3.5. Fix some i = 1, 2, . . . , R. 



Every tracial state on q\.Bqi is of the form j:Ui\ qi B qi for some u> G T(B). Therefore 
tpi and ipi satisfy (i)-(iv) of Theorem 7.5, with S replaced by j-. Note that U > - 
by (ii). Since 



D B (q' B { Vl (v A >) + (1 - qi )),q' B (Mv Ai ) + (1 - q^))) < 
by (vi), we have that 



4q 2 



D„ 



XvU^Mt (4(^))) < < 2n q -± < 1 



by Lemma |7.6| , which is (v) of Theorem 7.5 for ipi and ipi. Similarly we get that 
'fifi'U'k 1 ) = 4'f'( w k i )' = 1,2, ... , JV{, which is (vi) of Theorem 7.5. Hence there 
exists a unitary Wi G gi-Bgi such that 

y i (f)-W l Mf)W l *\\<e, f G TTi(F). 
Set PF = X)^=i W l . Then VF G fl is a unitary and 



□ 
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8. Existence 

The goal of this section is to prove an existence theorem that is the counterpart 
of the uniqueness theorem of the previous section. 

Let A and B be building blocks and let tp : A —> B be a *-homomorphism. 
We say that continuous functions Ai, A2, • ■ • , Aat •' T — ► T are eigenvalue functions 
for tp if Ai(z), \2(z), . . . , Xn{z) are eigenvalues for the matrix ip(i ® l)(z) (counting 
multiplicities) for every z £ T, where t : T — > C denotes the inclusion. 

Theorem 8.1. Let A — A(n, d\, d 2 , . . . , djv) be a building block, let e > 0, and let 

C be a positive integer. There exists a positive integer K such that if 
(i) B = A(m, ex, e%, . . . , enj) is a building block with s{B) > K , 
(11) k G KK{A, B) e , 

(iii) Ai, A2, ■ ■ • , Ac : T — > T are continuous functions, 

(iv) u £ B is a unitary such that k*{v a ] = [u] in K\(B); 

then there exists a unital *-homomorphism tp : A — > B such that Ai, A2, ■ ■ ■ , Ac are 
eigenvalue functions for tp, and such that 

[<p]=K in KK(A, B), 
P*Wa(v A )) = Qb(u), in U(B)/DU(B), 



H£(/)-iE/° A *n <e i 

fc=i 



/ G AffT(A), 



when we identify AffT(A) and AffT(B) with Cr(T) as order unit spaces. 

Proof. We may assume that e < 4 and, by repeating the functions Ai, A2, . . . , Ac, 
that C > |. Let K be a positive integer such that 

K > 4(JV + C + 2)n 



Let B, Ai, A 2 , 

h/ji 5 i — 1 ? 2 , . 



. , Ac, n, and u be as above. By Proposition 4.3 there are integers 
, N, j = 1, 2, . . . , M, with < hji < f- for i ^ N, such that 



/V([Af])\ 
«*([A 2 B ]) 



h 2 i 



As in the proof of Theorem 



hi2 
h 2 2 



"IN 
l2N 



\ 



\tlMl flM2 

we see that 

N 

^ hjidi — 

1=1 



(16) 



since k» : Ko(A) — > Kq(B) preserves the order unit, and /ijjv > because 
s(-B) > Nn. By Proposition O we have for i = 1, 2, . . . , JV, j = 1, 2, . . . , M, 



U 



(17) 



where Iji and Sj are integers such that < Sj < j-. Note that ijj > 0. For 
j = 1, 2, . . . , M, choose integers < < ^p-, and rj > such that 

Ti 

h j N = r j — + h° jN , (18) 
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and note that 

m . 

for some integers l° N > 0, j — 1, 2, . . . , M. Then 
Let for each j 



h o t o +SN (19) 



7TI 

liN-l° SN =-r i . (20) 



r i = fe i (C + 2) + Uj (21) 
for some integers kj > and < Uj < C + 2 and set 

b = mm fc,- — . 
i<j<M ej 

Note that for j = 1,2,..., M, 

N 

&j — hjidi < (N — l)n + Tj-n + h° N d^ < Nn + rju 

i=l 

= (JV + C + 2)n + fa - (C + 2))n < ( -e 3 + fa - (C + 2))n. 

Hence 

(l-|) ej < fa-(C + 2))n. 



Therefore 



vn vn vn c 

nkj (C + 2)- = nfa - > nfa - (C + 2)) - > (1 - ~)m. (22) 



Since by (||) 



we see that 



77i 771 771 

nkj(C + 2) — < nrj — < hj^dj^ — < m, 



G j Gj G 



j 



nb- < nbC < nb(C + 2) < m. (23) 



By this and 

Hence from (E3|) we conclude that 



m(l - |) < ™&(C + 2) < nfeC* + |m. 

rt , nbC e 
< 1 < -. 

777 2 

Let xi, X2, ■ ■ ■ , xn denote the exceptional points of A and let y\,yi, . . . , yu be 
those of B. Set for j = 1,2,..., M, 

N-l 

a, = (J] i?et(A i ( u A ))^)£l e t(A J v( U A ))^, 



then by (|17|) and (|19|) 

JV-l AT 
i=l i=l 

Set for j = 1,2,..., M, 

Cj = Det(Aj(u)) 
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and note that 

cfl = Det(u( Vj )). (25) 



By ([22|) we see that kj ^ 0, j = 1, 2, . . . , M, and hence there exists a continuous 
function Xc+i : T — > T such that 

c 

(Xc+iiVj))-^ = a.cj 1 Y[(X k (y/)P, 3 = 1,2,.. . ,M. (26) 
fc=i 

Let for f £ A and j ~ 1,2, . . . , M, Dj(f) be the m x m matrix 

(A? 1 (/), . . . , A^" (/), /(asi), . . . , /(n), . . . , /(ijv-i), . • . , f(x N -x), 

/ji times i_j-(jv_x) times 

/(xjv), . . ■ , /(a; at), f(Xi(yj)), f&i(yj)), ■ •• > 

V v ' S v ' 

times fcj ^r—b times 

/(A c+ i(%)),...,/(A c+ i (%•)), /(!),..., /(I) , 



kj——b times (/ej-f-Uj) — — 6 times 

/(Ai( Vj 0). • . /(Ai(%)), ■ • • , /(Ac+i (%)), • • • , /(A c+ i(%)), 

6 times 6 times 



/(!),. ■.,/(!)). 



b times 

Since Dj(f) is a block-diagonal matrix with —hji blocks of the form Ai(/), i = 
1, 2, . . . , AT - 1, f-h° jN blocks of the form A N (f ), k 3 f- blocks of the form f(X k ( % )), 
k = 1,2, . . . ,C + 1, and (fcj + Uj)— blocks of the form /(l), there exists a unitary 
Wj G M m such that 

WjDjifiW* €M ej CM m 
for every / G A. Set L = i(m - £^Li s*d 4 ) - (C + 2)b. For each j = 1, 2, . . . , M, 



we have by fll6|), QJ, fl20|), (]2lD that 

TV JV-1 

L = J2 l H -i c + 2 ) b =J2 l H + l h + + 2) + «,) - (C + 2)6. 

1=1 i=l ■? 

Choose for fc = 1,2, ...,L continuous functions fXk ■ T — » T such that for each 
j = l,2,...,M, 

(vi(yj),V2(yj), ■ ■ • , HL(yj))=( xi, • • ■ ■ ■ ■ , %n-i, ■ . .,x N -i , x N , ■ -^x N; 

lj! times 'j(jv-i) times l° N times 

Xijyj), Ai(y 3 -) , . . . , X c +i{yj), Xc+iiyj) , 1,1, ) 

kj— — b times kj — —b times (kj+Uj)^ —b times 

"j "3 3 

as ordered tuples. 

Choose a unitary W G C(T) ® M m such that = for j = 1,2, . . . , M. 

Define a continuous function g : T — > T such that 
l c+i JV 

5 (z) n n (A fe (z))" n z^A^r* = £>«*(«(*)), « g t. 

fc=l fe=l i=l 
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Then by (EJ, (Eg), and (26) we have that gfa) = 1 for j = 1, 2, . . . , M. Define a 



unital *-homomorphism (/? : A — > _B by 
<p(f)(z) = W(z) diag ( Af (/),... , A^" (/), /Oii(z)), ■ • • , /(M*)), 

/(Ax(z)), . . . , /(Ai(*)), ■ • • , /(Ao+iW), • • • , /(Ao+i(2)). 

V v ' V v ' 

b times 6 times 

f(g(z)),f(l),...,f(l))w(z)*. 

b—l times 

By the remarks following the definition of Dj(f) we see that for j = 1, 2, . . . , M, 

AT-l 

h,A\ A ] -+- w.JAdi -+- r rr? + 1 ^ + <k, + ?;.,v, 



^*[Af ] = J2 MAf ] + h° jN [A£] + + 1) + (% + Uj )) — [Ai} 



(=i 

AT-l JV 

n 



= £ ^[Af ] + (h° jN + rj—^Ai] = £ hfl[Af] = «*[Af ], 

i— 1 i—1 

and hence = in Hom(K°(B),K°(A)). Furthermore, as Det(v A (-)) is the 
identity map on T, we have that for zeT. 

JV l c+i 

Det(y>(v A )(z)) = J] Def(A,-(v A )) s< [] n k (z)(j[ X k (z) b )g(z) = Det(u(z)), 

i=l k=l k=l 

and by ©, for j = 1, 2, . . . , M, 

AT-l C+l 



Det(Aj o ip{v A )) = (l[Det(A i (v A )p>)Det(A N (v A )) h h ]J X k (y 3 p 
i=i fe=i 

AT-l 

= ( J| L>et(A l (t> A ))^*)L>et(AAr(t- A )) /l J «a^ 1 c J = Det(A rf (u)). 



Hence q' R (ip( v )) = <Zb(u) in U(B)/DU(B) by Proposition 5J3. It follows from 



Theorem |j| that [tp] = k in KK{A, B). 

Finally, for w G T(B) and / e AST (A) = C R (T), 

2=1 fc=l 

c c 
< |J-( m _Cbn)| II/H + II— 6nV;/oA fc - iy^/o A fe || 

k=l k=l 

<\-(m- Cbn)\ H/ll + \±bn-hc \\f\\ = 2|1 - — 1 1|/|| < e||/||. 
m m C m 



Hence 

\mf)-^J2f° x ^ <e \\f\\- 

k=l 

□ 
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The following result is due to Li [[t7| Theorem 2.1]. It generalizes a theorem of 
Thomsen [^5| Theorem 2.1] and it is the key stone in the proof of Theorem 3.3 
below. 



Theorem 8.2. Let X be a path- connected compact metric space, let F C Cr(X) 
be a finite subset and let e > 0. There exists a positive integer L such that for 
all integers N > L, for all compact metric spaces Y , and for all positive linear 
order unit preserving maps O : Cr(X) — > Cr(Y), there exist continuous functions 
Afe : Y -> X, k = 1, 2, . . . , N, such that 

1 N 

lie(/)--^/oA fc ||< e , f e f. 

k=l 



Theorem 8.3. Let A — A(n, d\, dz, . . . , d;v) be a building block, let e > 0, let 
F ^ AffT(A) be a finite set, and let C be a non-negative integer. There exists a 
positive integer K such that if 

(i) B — A{m, e\, e2, . . . , cm) is a building block with s{B) > K , 

(ii) k G KK(A, B) e , 

(hi) Ai, A2, ■ • • , Ac : T — ► T are continuous functions, 

(iv) : AffT(A) — * AffT(B) is a positive linear order unit preserving map, 

(v) u G B is a unitary such that n^v^ — [u] in K\(B); 

then there exists a unital *-homomorphism ip : A — > B such that Ai, A2, . . . , Ac are 
eigenvalue functions for ip and such that 

[<p]=K in KK(A, B), 
^*(Qa(v A )) = q' B {u) in U(B)/DU(Bj 
II ${f) ~ e(/)|| < e, feF. 



Proof. We may assume that ||/|| < 1, / G F. Choose by Theorem ^2 an integer 
L with respect to F C AST (A) = Cr(T) and |. We may assume that L > C and 
that 1 — ^f+L ^ I ■ Then choose by Theorem ^1] an integer K with respect to C + L 
and #. 

Now let B, <d, Ai, A2, . . • , Ac, K and u be given as above. Choose continuous 
functions Ac+i, Ac+2, ■ • ■ , Ac+l : T — > T such that in AST(B) = Cr(T), 



\Wf)-^ E /° A fc || < |, feF. 



fc=C+l 



By Theorem B.l there exists a unital *-homomorphism ip : A — > B such that 
Ai, A2, . . . , Ac+l are eigenvalue functions for tp and such that 

[<p]=K in KK (A, B), 
<P*Wa(v A )) = ci' B {u) in U(B)/DU(B), 

\mf) - E / A ^ii < / e Aff nA). 

k—1 
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Since for / e AST (A), 

C+L C+L 

E/° A ^i E /° A *i 

k=l k=C+l 



I 1 


l c + 


L 








L 


1 




c + 


L 



C+L , C+L C 



' II " ' ! -r E 1 ° A ' 



^ J L ^— ' * C + L 

fe=C+l k=C+l fc=l 

< 1^ 11/11 + ^ ll/H = ll/ll < 1 11/11, 

we get that 

||£(/)-e(/)||<e, feF. 



□ 



Lemma 8.4. Let A = A(n, efi, g?2, ■ ■ ■ , div) be a building block, let p e A be a non- 
zero projection, and let u G A be a unitary. Then there exists a unitary w 6 pAp 
such that 



q' A (u) = q' A (w + (1 - p)) inU(A)/DU(A). 



Proof. Note that pAp is a building block by Corollary 3.5. Hence by Lemma 5.4 
there exists a unitary w S pAp such that 

Det(w(z)) = Det(u(z)), zeT, 
Det(Ai(ti;)) = Det{K(u)), i = 1, 2, . . . , JV. 



Then qr^(u) = + (1 — p)) in by Theorem |5J. □ 

Theorem 8.5. Let /I = j4i©A2©- • -©^4_r be a finite direct sum of building blocks. 
Let F C AffT(A) be a finite set and let e > 0. There exists a positive integer K 
such that if 

(i) £> = i?i © B2 © • • • © Bs is a finite direct sum of building blocks and K is an 
element in KK(A, B) e , 

(ii) for every minimal non-zero central projection p in A we have that 

s(B) Pb (k4p}) > K tnAffT(B), 

(iii) there exists a linear positive order unit preserving map O : AffT(A) — > 
AffT(B) such that the diagram 

K (A) AffT(A) 
e 

K (B) > AffT(B) 

PB 

commutes, 

(iv) U\, 1*2) • • • j Un G -B are unitaries such that 

K*[vf] = [ui] inK x {A), i = 1, 2, . . . , R; 
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then there exists a united *-homomorphism ip : A — > B such that [ip] = k in 
KK{A,B), and such that 

||£(/)-e(/)||<e, f€F, 



<P*(q A (vf))=q B (u l ) inU(B)/DU(B), i=l,2,...,R. 

Proof. Let nf : A — > At be the projection and if : Ai — > A be the inclusion, 
£ = 1, 2, . . . , R. Let pi,p2, ■ ■ ■ ,Pr denote the minimal non-zero central projections 
in A. Choose by Theorem B.3 an integer K% with respect to %f(F) C AffT(A,), 



e > and C = 0. Set X = maxi<i<jj if^. 

Let .B, k, 0, and tti, U2, ■ ■ ■ , ujv be as above. We may assume that S = 1. To 
see this, assume that the case S = 1 has been settled. Let 7T; S : £? — * B\ be the 
projection and let if : — > i? be the inclusion. As the diagram 

A (A) — AffT(A) 
A (B ; ) > AST(Bi) 

PB, 

commutes for / = 1,2,..., iff, and since s(Bi) p Bl {ftf 3 * > K for i = 

1,2, ...,72, Z = 1,2, ...,)?, we get unital *-homomorphisms pi : A — > such 
that 

[ W ] = [7rf]-K inJsT^CAA), 

||0i(/)-?oe(/)|| <e, feF, 

pf{q' A {v?)) = q' Bl {^{u t )) in U(Bi)/ DU(Bi), i = l,2,...,R. 

Define ip : A — > 5 by ^(a) = (a), ^2(0), ■ ■ ■ , ^s( a ))- Then 
5 s 

m = E o pi] = Et'P] ■ [^] • k = k in 

;=i 1=1 
||£(/)-9(/)||=max||7rf ° o6(/)||< e , feF, 



V*(<lA(v?)) = q B (u l ) in U(B)/DU(B), i = 1, 2, . . . , R. 
So assume B = A(m, e%, e%, . . . , e^)- Note that by assumption «*[pi] > in 



Kq(B) for i = 1, 2, . . . , R. Let e = gcd(ei,e2, ■ ■ ■ , cm)- Choose by Corollary [Sj: 
orthogonal non-zero projections q t G M e C _B, for i = 1,2,..., i?, with sum 1 such 
that K*[pj] = [<&]. Let tj > be the normalized trace of q.;. Note that we have 

a well-defined map J, : AffT'(Aj) — > AffT(A) such that J, (a) = if (a) for every 
self-adjoint element a <E A;. Define 9* : AffT(Aj) -> AffT(g j .Bg i ) by 

6i(/)(^T o = ie(Ji(/))(r), r g T(B), 

where ej : q^i?^ — ► B denotes the inclusion. 

9^ is a linear positive map, and it preserves the order unit since 

*( 1 )(t- t e = 7-®(Pi)( T ) = J-PB ° «»[Pi](r) = L 
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By |2^, Theorem 7.3] we get that [e,-] G KK{qiBqi, B) is a i^if-equivalence. Note 
that 

[ej- 1 [if] eKK(A i)qi B qi ) e 
By Cor olla ry 3.5 we have that ft-Bft = A(tjm, t^ei, . . . , fjej^f). Choose by 
Lemma 8.4 a unitary G ft-Bft such that 



+ (1 - gi )) = q' B (u t ) in U(B)/DU(B). 

Since > if for j = 1, 2, . . . , M, we get by Theorem |3.3| a unital *-homomorphism 
</Jj : Aj, — * qiBqi such that 

[cfi] = [tif 1 ■ k ■ [if] in KK(A il q i Bq i ), 

wm)-®i(f)\\<z, /e?(n 

= mod DU(qiBqi). 

Now define y> : A — * £? by 

R 

<p(a) = E o tfj o 7rf (a). 

»=1 

93 is a unital *-homomorphism and 

m = E^ • n • ^ = E k • [^i • w 1 ] = k in B )- 

1=1 8=1 

For / G AffT(A), r G T(S), we have that 

e(/)(r) = E (/))) W = E 0?(/))(r*" 

»=1 t=l 1 



and 

R 1 fl — 1 

<?(/)(t) = f(r°<p) = /(E* i r roei °^° 7r i 4 ) = E ti '^( 7r ^))(r Toe ' i )- 
»=i Cj .=1 1 

It follows that 

||£(/)-e(/)||<e, 

Finally, for i = 1, 2, . . . , R, 

lf(vf) = €i o ipi(v Ai ) + (1 - ft) = Wi + (1 - ft) = Ui 



modulo DU(B). □ 

9. Injective connecting maps 

The purpose of this section is to show that a simple unital infinite dimensional 
inductive limit of a sequence of finite direct sums of building blocks can be realized 
as an inductive limit of a sequence of finite direct sums of building blocks with 
unital and injective connecting maps. 

From now on, we will consider inductive limits in the category of order unit 
spaces and linear positive order unit preserving maps, as introduced by Thomsen 
(25). It follows from Lemma 3.3] that AffT(-) is a continuous functor from 
the category of separable unital C*-algebras and unital *-homomorphisms to the 
category of order unit spaces. We will also need Elliott's approximative intertwining 
argument, see f| Theorem 2.1] or pi. 
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Lemma 9.1. Let A be a finite direct sum of building blocks, interval building blocks, 
and matrix algebras. Let e > and let F C A be a finite set. There exists a finite 
set of positive non-zero elements H C A such that if B is a building block or an 
interval building block, and (p : A — > B is a unital *-homomorphism with tp(h) =/= 0, 
h £ H , then there exists a unital injective *-homomorphism tp : A — > B such that 
M/)-V>(/)ll <e, fGF. 

Proof. By Corollary |3.5| (and the corresponding result for interval building blocks) 
we may assume that A is a building block, an interval building block or a matrix 
algebra rather than a finite direct sum of such algebras. We will carry out the proof 
in the case that A — A(n, d\, cfej • • • , d/v) is a circle building block. The proof in 
the case that A is an interval building block is similar, and the matrix algebra case 
is trivial. 

Choose 8 > such that for x, y £ T, 

p(x,y)<26 => \\f(x)-f(y)\\ < e, f £ F 

Let T = uf^Vi where each V, is an open arc-segment of length less than 8. Choose 
for each i = 1, 2, . . . , K, a non-zero continuous function Xi '■ T — > [0, 1] with support 
in Vi such that Xi is zero at every exceptional point of A. Set 

H = {xi®l,X2®l,---,X/f 
Let ip : A — > B be given such that 7^ 0, /i £ H. By [^6[ Chapter 1] we may 
assume that 

cp(f)(e 2 ^) = u(t)diag(Af (/), . . . , A'» (/), /(Ai(t)), . . . , /(A L (t)))«(t)*, 

if £? = A(m, ei, ea, . . . , e^/) is a circle building block and 

<p(J){t) = U (t)diag(Af (/), . . . , A s /(/), /(Ai(t)), . . . , /(A L (i)))«(t)*, 

if £> = /(m, ei, e2, . . • , ejvf) is an interval building block. Here u £ C[0, 1] ® M m is 
a unitary, Ai, . . . , Al : [0, 1] — > T are continuous functions, and s±, S2, ■ ■ ■ , sjv are 
non-negative integers. Since y>(/i) ^ 0, h £ H, it follows that the set [J fe=1 Afc([0, 1]) 
intersects non-trivially with every Vi. 

If B is an interval building block, let t±, t 2 , ■ ■ . , tu £ [0,1] be the exceptional 
points of B. If B is a circle building block, let t\,t 2 , ■ ■ ■ , ijvr £ [0, 1] be numbers 
such that e 27 ™* j , j = 1, 2, . . . , M , are the exceptional points of B. 

For each k = 1, 2, . . . , L, choose a continuous function [i^ : [0, 1] — > T such that 
|o(Mfe(t),A fe (t)) < 2(5, i £ [0,1], such that fj, k (t) = X k (t) for < £ {t u h, . . . , t M , 0, 1}, 
and such that U*U M*([0, 1]) = U*=i ^ = T - Define V : A -> B by 

W)(e 2 ™') = u (i)diag(Af (/), . . ., A^(/), • • .,fMt)))u{ty 

if B is a circle building block, and 

= u(t)diag(A?(/), . . . , A^(/),/( m (i)), . . . , /(/i L (t)))u(i)*. 

if £? is an interval building block. Note that t/j is injective and ||</?(/) — ip(f)\\ < e, 
f E F. □ 

Lemma 9.2. Lei A 6e a unital C* -algebra that is the inductive limit of a sequence 

A ai A Q2 A Q 3 
Al > A 2 > A3 > . . . 

of finite direct sums of building blocks. Then A is the inductive limit of a similar 
sequence, with unital connecting maps. 
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Proof. Note that we may assume that ce„ i00 (p) ^ for every positive integer n and 
every minimal non-zero central projection p G A n . By Lemma 2.2 it follows that 
Q!n,oo(<?) 7^ for every projection q G A n . Let 1„ 6 A n denote the unit. Since 
{an,oo(ln)}nLi i s an approximate unit for A there exists a positive integer TV such 
that afc,oo(lfc) = 1 for all k > N . Hence Q-kO-k) — lfc+i, k > N. □ 



Lemma 9.3. Let X C T fee a closed set and let G ^ X be a finite subset. Let 
6 > be given. There exist a closed subset R C X wii/i finitely many connected 
components such that G C i?, together with a continuous surjective map g : X — » i? 
smc/i £/ia£ — z, z £ G, and p(g{z), z) < 5, z E X. 

Proof. Let G = {e 27 ™^ : j = 1, 2, . . . , iV} where < *i < t 2 <■••<%< 1. Set 
tN+i — ti + 1. Set /j = { e 27rlt ; £ g t J+1 ]}. We may assume that tj+i — tj < S 
unless the interior of Ij intersects non-trivially with X. On each Ij let either g 
be the identity map (if Ij C X) or a continuous map onto { e 27rl *j ^ e 27rl *3+i } that is 
constant on the set of boundary points of Ij. Set R — g(X). □ 



Lemma 9.4. Let A be a quotient of a finite direct sum of building blocks. Let 
F C A be a finite set and let e > 0. There exists a finite direct sum of building 
blocks, interval building blocks and matrix algebras B , and unital * -homomorphisms 
Lp : A — > B and iji : B —> A such that ip is infective and \\tp o (p(f) — f\\ < e, / G F . 

Proof. We may assume that A is a quotient of a building block rather than of a 



finite direct sum of building blocks. Hence by Lemma 2.2 

A = {/ e C(X) ® M„ : /(a;*) G M di , i = 1,2, . . . , JV} 

where X C T is a closed subset and xi, X2, . . . , a:jv G X. Choose 6 > such that 

y, z G X, p(y, z) < S =► ||/(y) - /(z)|| < e, / G F. 

Choose by Lemma |9.3| a closed subset R <Z X with finitely many connected com- 
ponents such that Xi, . . . , xjsr G R, and a continuous surjective map 5 : X — > i? 
such that <7(xj) = Xj, i = 1, 2, . . . , N, and such that p(g(z), z) < 5, z G X. Let 

S = {/ G C(R) ® M„ : /(x^ G M d( , i = 1,2, . . . ,N}. 

Define ip : B — > A by ^(/) = f g and let y : A — > _B be restriction. Then 
IIV- o iptf)- /|| <e, /6F. □ 

Proposition 9.5. Lei A be a unital simple inductive limit of a sequence of finite 
direct sums of building blocks. Then A is the inductive limit of a sequence of finite 
direct sums of building blocks, interval building blocks and matrix algebras, with 
unital and injective connecting maps. 



Proof. By Lemma 9.2 we have that A is the inductive limit of a sequence 



Ai ► A 2 ► A 3 ► . . . 

where each a n is unital and injective and each A n is a quotient of a finite direct 
sum of building blocks. We will construct a strictly increasing sequence of positive 
integers {nk}, a sequence 

B^ — B 2 -^-» B, — ^— . . . 
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of finite direct sums of building blocks, interval building blocks and matrix algebras 
with unital connecting maps, unital *-homomorphisms fik : A„ k — > Sfc+i, and unital 
injective *-homomorphisms ip^ : — > A nk such that the diagram 



■ A n2 



■ A 



1 \mi ' 






V2 X. 



5, 



B 2 



02 



B; 




becomes an approximate intertwining. Furthermore (3k should be injective unless 
Bk+i is finite dimensional. This is sufficient since the proposition is trivial if A is 
an AF-algebra. 

It is easy to construct B±, n\ and Assume that Bk, n k and ipk have been 
constructed. Let e > and finite sets F C A nk and G C Bk be given. Choose 
i? C Bk by Lemma 9.f with respect to e > and G. Since A is simple we may 
choose rik+ i suc h that a nkjTlk+1 (ipk{h)) > for h € i?. Choose Bk+i, (fk+i and V'fc+i 
by Lemma |9.4| with respect to e > and a nk ,n k+1 

(F). Set 

Then 

HV'fc+i ° Mfc(z) ~ "« fc ,n fc+1 (^)|| < e, x E F. 

Since o ipk(h) > Q, h £ H , there exists by Lemma |9.l| a unital *-homomorphism 
(3k '■ Bk — > -Bfe+i such that 



\\fik o ip k (x) - /3k(x)\\ < e, x e G, 
and such that (3k is injective if Bk+i is infinite dimensional. 



□ 



Lemma 9.6. Let A be a simple infinite dimensional inductive limit of a sequence 



A 2 



o/ finite direct sums of building blocks, interval building blocks and matrix algebras, 
with unital and injective connecting maps. Then s(A m ) — > oo. 

Proof. The lemma is well-known if A is an AF-algebra. We may therefore as- 
sume that Ak is infinite dimensional for some k. Let I be a positive integer. Let 
b\, 62, . . . , bj, G Afc be positive non-zero mutually orthogonal elements. Since A is 
simple and the connecting maps are injective, there exists an integer N > k such 
that 

c7k~jv{b 3 ) > 0, j = 1,2, . . . ,L. 

Hence if m > N and /x : A m — ► M„ is a unital *-homomorphism, we see that the 
elements fi o ai iTO (6j), j = 1, 2, . . . , L, are non-zero and mutually orthogonal. Thus 
n > L. □ 



Proposition 9.7. Let A be a simple unital infinite dimensional inductive limit of 
a sequence of finite direct sums of building blocks. Then A is the inductive limit of 
a sequence of finite direct sums of building blocks and interval building blocks with 
unital and injective connecting maps. 



Proof. By Proposition 9.5 we have that A is the inductive limit of a sequence 

Oil 



Ai 



An 



A, 
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where each a k is unital and injective and each A k is of the form C k © F k for a 
finite (possibly trivial) direct sum of building blocks C k and a finite dimensional 
C*-algebra F k . Set B k — Ck® (C(T) (g> F fc ) and let 7/> fc : A fe — > be the canonical 
*-homomorphism. It suffices to construct a strictly increasing sequence of positive 
integers {n k }, unital *-homomorphisms /i/. : B nk — > A ns . +1 , and unital injective 
*-homomorphisms /3fe : B rik — > B nk+1 such that the diagram 




becomes an approximate intertwining. This is done by induction. Set ni = 1. 

Assume that n% has been constructed. Let e > and a finite set G C i? nfc be 
given. It suffices to construct n k +i > rife, a unital *-homomorphism fi k ■ B rik 
A nk+1 such that \i k oip„ k and a nk ^ rik+1 are approximately unitarily equivalent, and 
a unital injective *-homomorphism f3 k ■ B n 



B nk+1 such that 



\\Pk{x) - ipn k+1 o/j, k (x)\\ < e, x e G. 



(27) 



Let i 7 ^,, = M mi ©M m2 © • • • ©_M mjv and let pi,P2, • ■ ■ ,Pjv be the minimal non-zero 
central projections in F, lk C A„ fc . Let 7Tj : £>, lfc — > C(T) <g) M mi be the projection, 
i = 1, 2, . . . , N. Choose by Lemma 3.1 a finite set Hi C C(T) © M mi of positive 



non-zero elements with respect to e and Wi (G) . Let hi be the cardinality of Hi . 
Since A is simple there exists a. 8 > such that 



]{pi)>5, i = l,2, 



By Lemma 3.6 there exists an integer n k +i > n k such that 



*-n k ,n k+ 



,iV, 



s(A nfc+1 )><5 1 max(/i l m i ), i = 1,2, . 



, N. 



,N. 



QiA nk+1 qi such that 



Let qi = a nk>nk+1 (pi) and note that 

s(q. t A nk+l qi) > 5s(A nk+1 ) > hiirii, i = 1,2, 

Hence there exists a unital *-homomorphism A, : C(T)(g)M mi 

Xi(h) > 0, h e Let /ife : — > A Uk+1 be the *-homomorphism that agrees with 
<^n k ,n k+1 on C„ fc and with A^ on C(T) ® M mi . The *-homomorphism x i— > Aj(l<S>a:) 
from M mi to giv4 nfc+1 gj is by [ p6| Chapter 1] approximately unitarily equivalent 
to the *-homomorphism induced by a nk ,n h+1 - Hence fik ° an( ^ S,»t+i are 
approximately unitarily equivalent. 

Let e % = * = 1,2, ...,iV and let & : qiA nk+1 qi -> eiB nk+1 ei be the 

unital *-homomorphism induced by ipn k+1 - Since £j o Aj(/i) > there exists by 
Lemma 9.1 a unital injective *-homomorphism : C(T) © Af mi — > eiB nk+1 ei such 
that 



z = 1,2,. 



, N. 



\\<Pi(x) - & ° Ai(rc) || < e, xe7rj(G), 

Let /3fc be the *-homomorphism that agrees with ip nk+1 ° Mfc on C n(t and with i/jj on 
C(T) ® M mi . Note that /3fe is unital and injective and that ( ^7|) holds. □ 



CLASSIFICATION OF CERTAIN SIMPLE C* -ALGEBRAS WITH TORSION IN K x 47 



It remains to replace interval building blocks with building blocks. This turns 
out to be much more complicated than in ]20| , Lemma 1.5] or prj| , Lemma 4.7], 
since our building blocks may be unital projectionless. We will use the following 
lemma, which resembles a uniqueness result for interval building blocks. The proof 
is inspired by Elliott's proof of the uniqueness lemma for interval algebras Q. 

Lemma 9.8. Let A = I(n, di, d,2, . ■ ■ , djq) be an interval building block. Let F C A 
be a finite set and let e > be given. There is a finite set H C A of positive elements 
of norm 1 such that if B = I(m, ex, e2, • ■ ■ , &m) is an interval building block with 
exceptional points yi, y2, • ■ ■ , Dm, if ip,ip : A B are unital * -homomorphisms and 
if S > 0, such that 

(i) \\$(h)-$(h)\\<6, heH, 
{11) (p(h) >S, he H, 
(hi) $h) >S, heH, 

(iv) / 1 > L p{f)(yj) a- n d f <— * ip(f)(yj) o.re equivalent representations of A on M m , 
j = l,2,...,M; 

then there is a unitary W e B such that 

\Mf)-WiP(f)W*\\<e, feF 

Proof. We may assume that ||/|| < 1 for feF. Let xi,X2, ■ ■ ■ ,xn be the excep- 
tional points of A. Choose a positive integer q such that 

2 

- < min{|x l -Xj\ j}, 

\x-y\ <- \\f(x)-f(y)\\ <|, feF. 

q 3 
For r = 1, 2, . . . , q, define a continuous function h r : [0, 1] — > [0, 1] by 

h r (t) = 




Set 

H = {h x ® 1, h 2 <g> 1, . . . , h g <8> 1} U {(hi - h 2 ) (8» 1, . . . , (h g -i - h q ) ® 1}. 

Let (p, ip : A — > B be unital *-homomorphisms that satisfy (i)-(iv). By [ p6| 
Chapter 1] we see that ip and ip are approximately unitarily equivalent to *- 
homomorphisms of the form 

?'(/)(*) = U (f)diag(A^(/), . . . , A™(/), f(M(t)), . . . , /(A £ (f))M*)* 
^(/)(t) = «(t)diag(A? (/),..., (/), /(A*i(t)), • ■ • , 

for continuous functions Ai < A2 < • ■ ■ < Xl, \i\ < /U2 < ■ ■ ■ < Ma' : [0, 1] — > [0, 1], 
integers r, and with < r% < jr, < Sj < 4r- for i = 1, 2, ... , iV, and unitaries 
u,v e C[0, 1] ® M m . By (iv) we have that / 1— > <p'(f)(yj) and / 1— » ip'{f){yj) are 
equivalent representations of A on M m , j = 1,2,..., M. It follows that r, = Sj, 
i = 1, 2, . . . , N, that K = L, and that 

(Ai(^), A 2 (%), . . .,Ai(j/j)) = (jJ-i(yj),iMs(yj), ■ ■ -,fJ>L(yj)) 



48 



JESPER MYGIND 



as unordered L-tuples, j = 1,2,..., M. Hence 

A fe (2/j)=M/b(y,-), j = l,2,...,M, k=l,2,...,L. (28) 
For every t 6 [0, 1], r = 2, 3, . . . , q, we have that 
#{fc : A fe (t) > -}n + ^ rA < Tr(<p'(h r ® l)(t)) 

< mS + Tr(tp'(h r <g> 1)(<)) 

< Tr{i>'(h r ^i ® l){t)) 

r — 2 

< : /i fc (t) > }n + V rid,. 

— q 

As [^^j -] at most contains one of the exceptional points of A, we see that 
#{fc : Afe(t) > -}n < #{fc : fi*(t) > ^— + 

Thus 

: A fc (t) > -} < #{fc : p fc (t) > — -}. 

q q 

It follows that Afe(t) < //fe(i) + -. Symmetry allows us to conclude that for all 
*G[0,1], 

|A fc (t)-Mk(*)l<^. fc = l,2,...,i. 
By ( |2^ ) we can define a *-homomorphism /3 : A — > by 

/?(/) (t) = K^)diag(Ap (/), . . . , A5P(/), /(Ai(t)), . . . , /(Ai(t)))t;(t)* 
Note that 

||^(/)-/3(/)||<|, 

Since Tr(f3(f)(t)) = Tr(<p(f)(t)), f e A, t £ [0,1], it follows that /3 and 93 are 
approximately unitarily equivalent by p6| , Corollary 1.5]. Hence there exists a 
unitary U *E B such that 

Mf)- W)EH|<~ /ef. 
Choose a unitary V G -B such that 

IIV>'(/)-VW)m < |, feF. 

Set W = C/F. Then for f € F, 
Mf)-WW)W*\\ 

< y(f) - U0(f)U*\\ + \\Uj3(f)U* - Ui,'{f)U*\\ + \\Ui>'{f)U* - UV^{f)V*U*\\ 
e e e 

□ 

Define a continuous function k : T — > [0, 1] by 



v ; 1 2 — 2* *e[|,i]. 
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Define continuous functions ti,t2 : [0,1] — > T by Lx(t) = e 7 ™* , t2(t) = e -7 ™*. Note 
that k o li — k o l 2 — id[o,i]- 

Let A = I{n, di, di, ■ ■ ■ , djsr) be an interval building block with exceptional points 
ti, t%, ■ ■ ■ , t/v- Define a circle building block by 

A T = {/ G C(T) (» Af„ : /(ti(t«)), /(taCtO) 6M A) t=l,2 TV}. 

Define unital *-homomorphisms £4 : A — > A T by £ A (/) = / ° K , / 6 A and : 
A T -> A by =goi u j 2 A (g) =goi 2 , g e A 1 '. Then o £ A = $ o f A = 

Let A be a finite direct sum of building blocks and interval building blocks. It 
follows from the above that there exists a finite direct sum of building blocks A T 
together with unital *-homomorphisms £a : A — > A T and ■ A T — > A such 

that o £4 = o £^4 = idj\ and 

Ja(/)=J'a(/)=0 / = 0, /eA 1 . (29) 



Theorem 9.9. Let A be a simple unital infinite dimensional inductive limit of a 
sequence of finite direct sums of circle building blocks. Then A is the inductive limit 
of a sequence of finite direct sums of circle building blocks with unital and infective 
connecting maps. 



Proof. By Proposition 9.7 we see that A is the inductive limit of a sequence 

A a l A a 2 A a 3 

A\ > A2 > A3 > . . . 

where each A n is a finite direct sum of circle and interval building blocks and each 
a n is a unital and injective *-homomorphism. 

By passing to a subsequence, if necessary, we may assume that either, every A n 
is a circle or an interval building block or, every A n is a finite direct sum of at least 
two circle or interval building blocks. 

Let us first assume that the latter is the case. 

Let A n — A" © A% © • • • © where each A™ is a circle or an interval building 
block. For each n let 7r™ : A n — > A™ denote the coordinate projections, i = 
1,2,..., AT n . First we claim that we may assume that all the maps 7r™ +1 o a n are 
injective. 

By Elliott's approximate intertwining argument it suffices to show that given 
a finite set G C A„ and e > there exists an integer m > n and a unital *- 
homomorphism ip : A n — > A m such that ||a ra;m (g) — ^(g)|| < e, ff G G, and such 



that 7r™ o i[) is injective, i = 1,2, . . . , N m . Choose by Lemma 9.1 a finite set 
H C A n of positive non-zero elements with respect to G and e. As A is simple and 
the connecting maps are injective, we have that ct^Z(h) > 0, h G H. Thus there 
exists an integer m > n such that 6tn~^n(h) > 0, h 6 iJ. Hence 7r|™ o a„, m (/i) ^ 0, 



i = 1,2,..., JV m , and the claim follows by A m applications of Lemma 9.1. 
Define a unital *-homomorphism ip n : Aj t — > A n+ i by 

^ n (a;) = (7r" +1 oa„ o j^(a;),7r2 +1 00,0^(1), . . .,71^+^ o a„ o ^(x)). 

Since the maps 7r™ +1 o a n are injective, i = 1,2,..., N n +i, and as iVn+i > 2, it 
follows from that -0n is injective. The theorem therefore follows in this case 
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from the commutativity of the diagram 

A Q l A 

A x ^ A 2 - 





£a 2 / 


1 / Wl ■ 


■ / 02 < 




Aj 



■A 



£a 3 °>/>2 3 O 



It remains to prove the theorem in the first case. By passing to a subsequence we 
may assume that each A n is an interval building block. Let e > 0, let k be a positive 
integer, and let F C A^ be finite. Again by Elliott's approximative intertwining 
argument, it suffices to show that there exists an integer I > k and a unital and 
injective *-homomorphism ijj : A\ — > Ai such that 

\\®k,l(x) ~ ip °^A k ( x )\\ < e > x e F. 



Choose by Lemma 3.S a finite set H C Ak of positive elements of norm I with 
respect to F and e. Since A is simple and the connecting maps are injective there 
exists a 8 > such that Sfc^(/i) > 28, h € if. Let Ak = I(n, di,d,2, ■ ■ ■ , djsr)- By 



Lemma 9.6 there exists an integer / > k such that s(Ai) > 2p and such that 



a k ,i{h) > 28, he H. 

Let Ai = I(m, a, e 2 , . . . , e«). By Q Chapter I] a^,; o j\ k : Aj — > A; is approxi- 
mately unitarily equivalent to a *-homomorphism /3 : Aj. — > A; of the form 

/?(/)(*) = u(*)diag(A^(/), . . . , A$?(/),/( W (t)), . . . , /( Mi (i))M*r, t e [0, 1], 

where u 6 C[0, 1] ® M m is a unitary and fi±, /i2, . . . , ■ [0,1] — > T are continuous 
functions. Choose a continuous function fi^ : [0, 1] — > T such that fi[ — [i\ at the 
exceptional points of Ai and such that fj,^ is surjective. Define (p : A\ — > A/ by 

<p(/)(t) = u(t)diag(Ap(/), • • ■ , A™(/), f(^(t)),f(^(t)), . . . , /(/x L (*))>(*)*. 

Note that 93 is injective, and that for h e H, 

- swwn = w) - w)ii < 011 < ^ < 

Finally, as A.j o tp = Aj a j3, j = 1, 2, . . 
a unitary W e Ai such that 

Set = ^(x)VK*, x e 



, M, we see by Lemma |9.q that there exists 
-<**,,(/) || <e, feF 

□ 



10. Construction of a certain map 

In [|l] R0rdam defined the bifunctor KL to be a certain quotient of KK. Some 
of our main results are more elegantly formulated in terms of KL than KK, and 
we will therefore from now on use KL instead of KK. Recall from [Q that the 
Kasparov product yields a product KL(B,C) x KL(A,B) — > KL(A,C). Further- 
more, if K*(A) is finitely generated then KL(A, •) = KK(A, ■), and this functor is 
continuous by p2| , Theorem 1.14] and p2] , Theorem 7.13]. Finally, approximately 
unitarily equivalent *-homomorphisms define the same element of KL |2l], Propo- 
sition 5.4]. It should be noted that KL is related to homomorphisms of A-theory 
with coefficients, ||. 
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Let A and B be unital C*-algebras. Let KL(A, B) e be the set of elements 
k G KK(A,B) for which k* : Kq(A) — > Ko(B) preserves the order unit. Let 
KL(A, B)t be those elements k G KL(A, B) e for which there exists an affinc 
continuous map ipr ■ T(B) — ► T(A) such that 

r B {uj){K*{x)) = r A (ip T (Lu)){x), x G K (A), uj G T(S). 

Lemma 10.1. Let C be a finite direct sum of building blocks, let e > 0, and let 
F C AffT{C) be a finite set. Let B be the inductive limit of a sequence of finite 
direct sums of building blocks 

r> ft , n ft R ft , 



wrei/i unital connecting maps. Let J : AffT(C) — > AffT(B) be a linear positive 
order unit preserving map and let k G KL(C, B) e . There exists a positive integer 
n, a linear positive order unit preserving map M : AffT(C) — > AffT(B n ), and an 
element u) G KK(C, B n ) e such that 

\\J(f)-G°M(f)\\ <e, /gF, 
k = [Ai,oo] • w m KL(C, B). 

Proof. We may assume that ||/|| < 1, / G F. Decompose C = C\ © C 2 © • • • © Cat 
as a finite direct sum of building blocks and let m : C — > d denote the projection, 
i = l,2,...,N. 

For every i = 1,2,..., TV, identify AST(d) and C R (T). Choose open sets 
Vt, V 2 , ■ ■ ■ , V ki CT such that Uj' =1 Vj = T and such that 

x,y€Vj => \f(x)-f{y)\< e -, f G ~Ki(F). 

Let {hj : j = 1, 2, . . . , ki} be a continuous partition of unity in Cr(T) subordinate 
to the cover {Vj : j = 1,2, and let Xj G Vj be an arbitrary point, j = 

1,2,..., ki. Define linear positive order unit preserving maps Tj : AffT(Cj) — > M fei 
and ^ : M fe * -► AffT(Cj) by 

Ti(f) = (f(x 1 ),f(x 2 ),...,f(x ki )), 

ki 

Si (tl , t2, ■ ■ ■ , tki ) = ^ fa? • 
J = l 

Note that 

\\Si°TM)-f\\<\, feniin 
Hence there exist linear positive order unit preserving maps 

T : AffT(C) -> R k , 
S : R k -► AffT(C), 

where fc = X)t=i ^ sucn that 

l|SoT(/)-/||<i / G F. 

Let {e^ : j = 1, 2, . . . , fc} be the standard basis in R k . As { JoS(ej) : j = 1, 2, . . . , k} 
are positive elements with sum 1 in AST(B), there exist a positive integer I and 
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positive elements x\,x 2 , ■ ■ ■ ,Xk E AffT(Bi) such that Y^j=i x j = 1 an d 
\\(h^>(xj) - J o S(ej)\\ <^-, i = l,2,...,fc. 

Define linear positive order unit preserving maps V : — > Aff T(Bi) by 

fe fe 

3 = 1 3=1 

and W : AffT(C) Aff T(B ; ) by = V o T. Since 

WftZov- jos\\ < e - 

we see that 

W hoo oW{f)- J(/)|| <e, /eF. 
By continuity of KL(C, •) there exist an integer to and an element v E KL(C, B m ) 
such that [/? m ,oo] ■ v — k. As 

/3m,oo* O ^*[1] = = [1] = An.oojl] m ^o(-B) 

we see that there exists an integer n>m,l such that [f3 m ,n] • v E KL(C, B n ) e . Set 
w = [/3 m ,„] • v and M = o W. □ 

Proposition 10.2. Let A be a simple unital inductive limit of a sequence of finite 
direct sums of building blocks. Let B be the inductive limit of a sequence 

D ft , R ft , r> ft , 

of finite direct sums of building blocks with unital connecting maps. Assume that 
there exist a n E KL(A, B) e and an affine continuous map (fx '■ T{B) — > T(A) such 
that 

r B (u){n*{x)) = r A (^ T (w))(a;), x E if (A), w E T(B). 
Lei C be a finite direct sum of building blocks and let ip : C ^ A be a unital *- 
homomorphism. Let e > and let F C AffT(C) be a finite subset. There exist a 
positive integer to and a linear positive order unit preserving map M : AffT(C) — > 
AffT(B m ) such that 

\0^°M(f)-<pT. °<M/)|| <e, /EF, 
and an element ui £ KL(C, B m ) e such that 

\fim,oo] ■ w = k • [V>] inKL(C,B), 
M o p c = p Bm o (j* on K (C). 

Proof. We may assume that ||/|| < 1, f € F. Decompose C = Ci © C 2 © • • • © Cat 
as a finite direct sum of building blocks. Let n, r2, . . . , rjv E C be projections such 
that [ri], [r2], . . . , [rjv] generate Kq(C). By factoring ip through the C*-algebra 
obtained from C by erasing those direct summands Ci for which ip(ri) — 0, we may 
assume that ?A( r i) 7^ 0, i = 1, 2, . . . , N. There exist positive integers d\, d 2 , . . . , djv 
such that 

N 

= [1] m^o(C). 

Since A is simple there exists & 8o > such that 

iA(Fi) ><5o, i = 1,2,..., N. 
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Choose S > such that 8 < So and 6(1 + Yli=i di) < e - 

By Lemma 10.1 there exist a positive integer I and a linear positive order unit 
preserving map V : AffT(C) -> AST(Bi) such that 

|fcoF(/)-^ T ,o^(/)|| <8, feFU{fi,f 2 ,...,r^}, 

and an element v £ KK(C, Bi) e such that 

[A,oo] • i/ = k • [-0] in KL(C,B). 

Since by assumption pgoK* — lpt* ° Pa on _Ko(^4) w ^ see that for i = 1, 2, . . . , N, 

Pl,oc ° PS, ° I/,[ri] = /3 B ° A,oo„ ° ^*[n] = <PT* o PA O 0*[r 4 ] = <PT* ° 1p(fi) > 5 . 

Hence 

||A,oo ° PBt ° - A,oo ° V"(f5)|| < (5, i = 1,2, .. . ,N. 
Choose m > I such that for i = 1, 2, . . . , N, 

Wl,m o Pb, o v*[ri] - Pl, m ° V(fi)\\ < 5. 

Define W : Aff T(C) -> AffT(B rn ) by = /Q o Define w £ i^X(C, £ m ) e by 

<*> = [A.m] • ^ • 

Decompose £> m = © 5™ © ■ ■ • © S£* as a finite direct sum of building blocks 
and let iij : B m — > B" 1 be the projection, j = 1, 2, . . . , L. Identify Aff T(B m ) with 
©^ =1 C R (T). Fix some j = 1,2,..., L. Set Wj = ff) o W. Wjin) is a strictly 
positive function in Cr(T), since 5 < Sq. Thus for each i — 1,2, ...,N, we can 
define Afj : Aff T(A n ) S ©^ 1 AffT(C i ) -» C R (T) by 

W 1 
M,- (A, / 2 , . . . , f N ) = Wj(0, . . . , 0, fi, 0, . . . , 0) ^~y^ (PB m o ) . 

Mj is positive and linear, and it preserves the order unit since 

N I N 

M A l ) = W 3 W-(r-) ^ j ^ PBm OUJ *^ = ^2'^o(PB m o w*(di[n})) = 1. 

Let now 5 6 C R (T) = Aff T(C 4 ), ||.g|| < 1, for i = 1, 2, . . . , N. Since 

-rfifi < (0, . . . , 0, g, 0, . . . , 0) < din 
in Aff T(C) we have that 

||M i (0,..., 5 ,...,0)-W J -(0 s ..., fl ,... ) 0)|| 

= \\W J (p,...,g,..., 0)^±—(£, ( PBm o w , [ ri ]) - ^ (f*)) || 

< rfi||7r}(ps m °w* [*"»]) — Wj-(fi)]| < Sdi. 
Hence if / G AffT(C), ||/|| < 1, then 

AT 

IIW)-w,-(/)||<I>*- 

Define M : Aff T(C) -» AffT(B m ) by 

M(/) = (M 1 (/),M 2 (/),...,M i (/)). 
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Then 

TV 

\\M(f)-W(f)\\<J2 6di > f^ AST ( C )i \\f\\<^> 

i=l 

and hence 

N 

||/3 TO)0O o M (/) - ^ o ^(/) || <S + Y / Sd l <e, feF. 

i=l 

Finally, M(fi) = /jg m o w„ i = 1, 2, . . . , N. It follows that M o p c = p Bm o u>* 
onifoCC). □ 

Lemma 10.3. Let A be a unital simple inductive limit of a sequence of finite di- 
rect sums of building blocks with Ko(A) non-cyclic. Then AffT(A)/ pa{Kq(A)) is 
torsion free. 

Proof. The image of the canonical map K (A) -» ASSK a {A) is dense by §, Propo- 
sition 3.1], since Kq(A) is a simple countable dimension group. By definition pa is 
the composition of this map with the linear bounded map Aff SKq(A) — > AST (A) 
induced by Ta- It follows that pa{Kq(A)) is dense in some subspace of Aff T(A). □ 

Lemma 10.4. Let A be an inductive limit of a sequence of finite direct sums of 
building blocks 

A ai A ° 2 A "3 

A\ > A 2 > A a > . . . 



with unital connecting maps. Assume that pa is injective and that pa(Kq(A)) is a 
discrete subgroup of Aff T (A). Let n be a positive integer and let x,y be elements 
of the torsion subgroup of U (A n ) / DU (A n ) such that af ^(x) = ctn.ooiv)- There 
exists an integer k > n such that k (x) = ot^ k {y). 

Proof. Since a n>o0 [itA n {x)) = a n ,oo*(7i"A„ (y)) in Ki(A) there is an integer I > n 



such that Oinj^TiAn {x)) — a n ^ :f ('!TA rl (y)). By Proposition 5.2 we see that 

a t,l( x " y) = Xa i (9a, i^PA, 0))) 

for some positive integer m and an element z G K (Ai). Since pa(K (A)) is discrete 

and since \A(qA(~PA(<Xl,ao m (z)))) = we see tnat ^PA(ai,oo m (z)) = PA(uj,oo*(u>)) 
for some positive integer j and an element w G Ko(Aj). Since pA is injective we 
may choose an integer k > l,j such that cti^^z) = aj ^ (mw) in Kq(A). Note that 

a*fcC= -V) = ^A k {qA k {±PA k {ak.lS z )))) = 0- □ 

Proposition 10.5. Let A be a unital C* -algebra and let B be a unital inductive 
limit of a sequence of finite direct sums of building blocks such that the torsion 
subgroup of AffT(B)/ pb(Kq(B)) is totally disconnected. Letip,ijj : A — > B be unital 
*-homomorphisms that are homotopic and let x G U(A)/DU(A) be an element of 
finite order. Then <p&(x) — tp^(x). 

Proof. Let u G A be a unitary such that x — q' A (u). Let (yt)te[o,il be a homotopy 
connecting ip to if>. We may assume that \\(fit(u) — Vo(w)|| < 1 for t G [0, 1]. Thus 

<Pt(u)<po(u)* = ^ lht 
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where 1 1 — > 6 4 is a continuous path of self-adjoint elements in B. Since X B (q B (bt)) = 
q' B {e 27Tlbt ) we see that q B (b t ) has finite order in AKT(B)/p B (K (B)). Thus t i-> 
<Zs(^t) is a continuous path in a totally disconnected subset of a metric space. It 
follows that it is constant and hence q B (bt) = for every t £ [0, 1]. We conclude 
that <pf(q' A (u)) = iff (q' A (u)). □ 

We leave it as an open question whether the torsion subgroup of the group 
AST(B) I pb(Kq(B)) always is totally disconnected. 

Proposition 10.6. Let A be a finite direct sum of building blocks and let B be 
a unital inductive limit of a sequence of finite direct sums of building blocks such 
that the torsion subgroup of AffT(B)/ p B (Ko(B)) is totally disconnected. Let tp,ip : 
A — > B be unital *-homomorphisms such that [<p] — [ip] in KL(A, B). Let x be an 
element of the torsion subgroup of U (A) / DU (A) . Then ip&(x) = ip#(x). 



Proof. By [|18|, Corollary 15.1.3] and Theorem 2.4 there exist a positive integer 
to and *-homomorphisms A, p : A — * B m such that ip is homotopic to (3 m ,oc ° A 
and ip is homotopic to (3 m ,oo ° P- By increasing to we may assume that A and 
p are unital. There exists an integer k > to such that [/3 m ,fc] • [A] = [/3 m ,fc] ■ [p] 
in KL(A,B k ). Thus (3* k o X#(x) = [3* k o p#(x) by Proposition |^[ Hence 



<p#(x) = flm.oo o \#(x) = Pm oo° A* i x ) = ^ \ x ) Proposition 10.5. □ 



Lemma 10.7. Let A be a simple unital inductive limit of a sequence of finite direct 
sums of building blocks such that Kq(A) is non- cyclic, and let B be a unital inductive 
limit of a sequence of finite direct sums of building blocks. Lf there exists an element 
k £ KL(A,B) T then AffT(B)/ p B {K (B)) is torsion free. 

Proof. By Lemma |9.2| we may assume that A is the inductive limit of a sequence 

A, -2i-> A 2 -22-> A 3 -22-, . . . 

of finite direct sums of building blocks with unital connecting maps. Similarly B is 
the inductive limit of a sequence of finite direct sums of building blocks 

B x — ^ B 2 B 3 — . . . 



with unital connecting maps. Let e > 0. There exists a positive integer n such 
that for every t £ R we have that d' An (q An (il), 0) < e. To see this choose a positive 



integer k such that i < e. Since AffT(A) / p A (Ko(A)) is torsion free by Lemma 10.3 , 
we may choose n such that d' An (q An (^1),0) < |, j = 1, 2, . . . , k — 1. Let tel. We 
may assume that < t < 1. Choose j = 0, 1, 2, . . . , k such that \t — j-\ < Jt < | ■ 
Then d' An (q An {tt),0) < e. 



By Proposition 10.2 we get a positive integer / and a contractive group ho- 



momorphism S : AST(A n )/ p An (K (A n )) -> AST(B i)/p Bl (K (B i)) such that 
^(^(rT)) = g Bi (rl) for every r£R. Let a; £ AST(B) / p B (K (B)) be an element 
of order to. There is an integer k > I such that d' B (x, q B (— PB(/3fc,oo*(2/)))) < e f° r 
some element y £ Ko(Bk). We claim that d' Bk (q Bk (^p Bk (y)),0) < e. To this end 
we may assume that B^ is a building block. Then p Bk (y) = wl for some w £ Q. 
Hence 

I - — - w ^ w s*. 

d' Bk {qBA-PB k (y))^) = d Bh (Pi, k oS(q An (-l)),0) < d' An (q An (-l),0) < e. 

"TO " TO "TO 
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Thus d' B (x,0) < 2e. Since e > was arbitrary we conclude that x — 0. □ 

Lemma 10.8. Let A be a simple inductive limit of a sequence 

A x ► A 2 ► A 3 > . . . 

of finite direct sums of building blocks with unital connecting maps. Let y be an 
element in U(A)/DU(A) of order k < oo. Then there exist a positive integer m 
and an element w G U(A m )/DU(A m ) of order k such that ^(w) = y. 

Proof. By continuity of K\ there exist a positive integer I and an element z in 
U(Ai)/DU(Ai) such that a^xJ^Ai (z)) = Tt A (y) in K\(A). Since the short ex- 
act sequence of Proposition |5.2| splits we may assume that kz = 0. Note that 
7r ^( a foo( z )) = ^A.{y) and hence 



y = K 00 {z)+\ A {q A {f)) mU{A)/DU{A) 



for some / G AST (A) with kq A {f) = in the group Aff T(A)/ p A (K (A)). If K (A) 



a Lm( Z ) + X A m (q Am (f PA m Ql))). 



is non-cyclic then we see that q A (f) = by Lemma 10.3 . Thus we may assume that 
Kq(A) = Z such that p A (Ko(A)) is a discrete subgroup of AST (A). It follows that 
/ = -^pa(x) for some x G K$(A). By continuity of Kq we have that x = a m>00t (fi) 
for some integer m > I and some h £ Ko(A m ). Define w G U(A m )/DU(A m ) by 

.1 

Then 

"loot 1 ") = "focO) + (0^,00* (>)))) = a foo( z ) + = y. 

Since y has order k and few = it follows that w has order k as well. □ 

Theorem 10.9. Let A be a unital simple inductive limit of a sequence of finite 
direct sums of building blocks and let B be an inductive limit of a similar sequence 

R ' 3l ■ H ^ 2 . R 133 ■ 
t>\ > Di > D-\ > . . . 



with unital connecting maps such that s(Bk) — > oo and such that the torsion sub- 
group of AffT(B)/ pb(Kq(B) is totally disconnected. Let k G KL(A,B)t- Let 
C be a finite direct sum of building blocks and let ip : C — > A be a unital *- 
homomorphism. Then there is a unital *-homomorphism -0 : C — > B such that 
[ip]=K - [ip] in KL(C,B). 

Moreover, ifC\ is another finite direct sum of building blocks, if ' <p\ : G\ — > A and 
ipl : C\ — > B are unital * -homomorphisms such that = K ■ [fx] in KL(A,B), 
and if x G U{C)/DU(C) and xi G U(Cx)/DU(C\) are elements of finite order such 
that (p#(x) = tpf(x\), then ip&(x) = ipf(xi). 

Proof. Let a finite direct sum of building blocks C and a unital *-homomorphism 
ip : C — ► A be given. Let ipx ■ T{B) — » T(A) be a continuous affine map such that 

r s (w)(/t*(a:)) = r A (<p T (u))(x), x G K (A), uj e T(B). 

Let pi,j»2, ■ ■ • ,Pn be the minimal non-zero central projections in C. As in the proof 



of Proposition 10.2 we see that we may assume that <p(pi) 0, i — 1,2, ...,N. 



Choose 5 > such that <p{pi) > 2d. Choose an integer K by Theorem 8.5 with 



respect to F = and e = 1. By Proposition 10.2 there exist a positive integer m 
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and a linear positive order unit preserving map M : AST(C) — > Aff T(B m ) such 
that 

0^oM(pi) - ip T , °<p(pi)\\ <S } i = 1,2,.. .,7V, 
and an element u> £ KL(C, B m ) e such that 

\fim,oo] - u = K-[ip] in KL(C, B), 
M o p c = p Bm o on Kq(C). 

Hence /3 mi00 ° Af(pJ) > <5, i = 1, 2, . . . , N. Choose k > m such that s(Bk) > KS^ 1 
and such that /3 m ,k ° Af(pi) > 5, i = 1, 2, . . . , N. Then p Bk (/9 m ,fc* ° w *[Pi]) > <S and 
hence s(B k )p Bk (f3 m ,k r °w*[Pi]) > Furthermore /3 m:fc oMop c = p Bk o/3 m} k* 
It follows from Theorem |8.5| that there exists a unital *-homomorphism /x : C — > £>fc 
such that [//] = [/3 m ,fc] -w. Set -0 = (3k,oc°ft- This proves the first part of the theorem. 
To prove the second part of the theorem, let us first note that 

ir B (ip#(x)) = rp*(TTc(x)) = k* o (p*(w c (x)) = ^l^cdxi)) = ir B (ipf (xi)). 
Hence if Kq(A) is non-cyclic then ip#(x) — ipf(xi) by Lemma 10.7. 



We may therefore assume that Kq{A) is cyclic. By Lemma 9.2 we see that A is 
the inductive limit of a sequence 

A x > A 2 > A 3 > . . . 



where each A n is a finite direct sum of building blocks and each a n is unital. By [ [l8[ 
Corollary 15.1.3] there exist a positive integer n and *-homomorphisms A : C — » A n 
and Ai : C\ — > A n such that ip is homotopic to a„ i00 o A and ipi is homotopic to 
t*n. oo ° Ai. Note that A and Ai are unital. Since 

by Proposition 10.5, there exists by Lemma 10. 4| a positive integer k such that 



By the first part of the theorem there is a unital ^-homomorphism 7 : A k — > £> 
such that [7] = k • [dfc.oo]- Note that 

[7] • [a„,fe] • [A] = k • [a„ jM ] • [A] = k ■ [cp] = [ip] in KL(C, B) 

[7] • • [Ai] = k ■ [a„ j00 ] ■ [Ai] = /c • [t^i] = [V>i] in KL(Ci,B). 

Hence 

= 7 # o a* fe o A # (x) = 7 # o a* fe o Af = ipf(xi) 



by Proposition 10.6. □ 



Let A, 73 and k be as above. Let y be an element in U(A)/DU(A) of finite 
order. By Lemma |l0.8| there is a finite direct sum of building blocks C, an element 
of finite order x in U(C)/DU(C), and a unital *-hornomorphism ip : C — > A such 
that (p#(x) — y. By the first part of the theorem above there exists a unital *- 
homomorphism ip : C — > B such that [tp] = k ■ [ip]. Set s K (y) = vp^(x). By the 
second part s K (y) is independent of the choice of tp, ip and x. Thus we have a 
well-defined map 



s K : Tor(U{A)/DU{A)) -> Tor(U{B)/DU(B)). 

It follows easily from Lemma |10.8| that s K is a group homomorphism. Note that 
if /i : A — > £> is a unital *-homomorphism then S[ /J ](y) = ft (y) for every y in 
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the torsion subgroup of U(A)/DU(A). Finally, we note that s K exists for trivial 
reasons if Ko(A) is non-cyclic (since Aff T(B) / pb{Kq(B)) is torsion free in this 
case, see Lemma [lQ.7 ). It is possible (as in (^6|) to prove our classification theorem 
in the case of non-cyclic -Ko-group without using the map s K , but we have chosen 
to construct it in general in order to obtain a unified proof of the classification 
theorem in the cases Kq cyclic and Kq non-cyclic. 

Lemma 10.10. Let A be a unital simple infinite dimensional inductive limit of a 
sequence of finite direct sums of building blocks and let B be an inductive limit of 
a similar sequence 

/3i Pa 03 



Bi 



Bo 



with unital connecting maps such that s(Bk) — > oo and such that the torsion sub- 
group of AffT(B)/ pb(Kq(B)) is totally disconnected. Let k G KL(A, B) e and let 
ipx ■ T(B) — > T(A) be a continuous affine map such that 

r B (u)(K*( x )) = rA(<PT(u))(x), x G K (A), uj g T(B). 



There exists a group homomorphism $ : U(A)/DU(A) — > U(B)/DU(B) such that 
$(y) = s K (y) for y in the torsion subgroup of U{A)/DU{A) and such that the 
diagram 

A/ 







AffT(A)/ PA (K (A)) 
AffT(B)/ PB (K (B)) 



U{A)/DU{A) 



U(B)/DU(B) 



K^A) 

i- 

K X (B) 







commutes. 



Proof. It will be convenient to set Gi = Aff T(A)/ p A (K (A)), G 2 = Ki(A), and 
Hi = AKT(B)/p B (Ko(B)), H 2 = Ki(B). Note that U{A)/DU{A) ^G X ®G 2 and 
Hi 



U(B)/DU(B) 
matrix of the form 



H 2 by Proposition 5.2. Hence s K can be identified with a 



fll fl2 
v /21 /22 y 

* Tor(Hi) is a group homomorphism, i,j = 1, 2. 
If Kq(A) is cyclic then z = q A (— pA{h)) for some positive 
integer m and h G Kq(A). Choose a finite direct sum of building blocks C and 
a unital *-homomorphism tp : C — > A such that <p*(g) = h for some g G Kq{C). 



where : Tor(Gj) - 
Let z G Tar{Gi). 



Choose a unital *-homomorphism ^ 
Vt* ° pa — pb ° we see that 



C 



B such that [-0] 



[</?] . Since 



.(Aa(«)) 



1 



s k (Aa(<?a(— Pa(v*(5))))) 
m 

^ # (Ac(9c(-Pc(5)))) 
m 

A s (to( — Vt*(pa(<Ms))))) 

TO 



s K (^ # (A c (gc(— Pc (5))))) 

TO 

As(g B (— PB(i(>*(g)))) 



Hence fu(z) = <pt(z) and f2i(z) — 0. By Lemma 10.7 this conclusion also holds 



if Kq{A) is non-cyclic. Let w G Tor(G 2 ). Choose an element y G U(A)/DU(A) of 
finite order such that ir A {y) = w. Choose a finite direct sum of building blocks C 
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and a unital *-homomorphism ip : C — > A such that <p&(x) — y. Choose a unital 
*-homomorphism ip : C — > B such that [ip] = tt ■ [<p] in KL(C, B). Since 

kb{s k {v)) = Tr B (ip*(x)) = ip*(nc(x)) = K* o ^(^5* (x)) = ft* 7T^(y) 

we see that f22(w) = Finally, since Hi is a divisible group there exists by 



11, Theorem 21.1] a group homomorphism A : G2 — > Hi such that A(io) = fv2(w) 
for every mi e G2 of finite order. Set 

X 

\ «» 

It is easy to see that the diagram commutes. □ 

11. Main results 

Consider the category of abelian groups, equipped with a complete and transla- 
tion invariant metric, and contractive group homomorphisms. Inductive limits can 
be constructed in this category in a way similar to the way that they are constructed 
in the category of C* -algebras. Indeed, let 

f~1 Ml s-i M2 M3 

(_rl > (_T2 > Lt3 > ■ ■ ■ 



be an inductive system. Let pk denote the metric on Gk- Let H be the inductive 
limit in the category of groups. Define a pseudo-metric d on H by 

(y)) = lim Pk(p (!/))• 

k — >OC 

Form the quotient of H by the subgroup {x G H : d(x, 0) = 0} and complete with 
respect to the induced metric to obtain the inductive limit. 

It is an elementary exercise to prove that £/(•)/£>[/(•) is a continuous functor 
from the category of unital C*-algebras and unital *-homomorphisms, to the cate- 
gory of abelian groups equipped with a complete translation invariant metric, and 
contractive group homomorphisms. 

Proposition 11.1. Let A be a simple inductive limit of a sequence 

A "1 A a2 A Q 3 

A 1 ► A 2 > A 3 > . . . 



of finite direct sums of building blocks with unital and injective connecting maps. 
Let B be an inductive limit of a similar sequence 

Bl ^B 2 ^B 3 ^ ... 



with unital connecting maps such that s(Bk) 00 and such that the torsion sub- 
group of AffT(B) / pb(K (B)) is totally disconnected. Let (p T : T(B) -> T(A) be 
an affine continuous map, let n £ KLiA, B) e be an element such that 

r B {u)iK,*{x)) = r A {ip T {uj)){x), x e K (A), uj E T(5), 



and let $ : U(A)/DUiA) — > U{B)/DU(B) be a homomorphism such that the 
diagram 



AffTiA)/ PA {K {A)) U(A)/DU(A) K^A) 



AffT(B)/ PB (K (B)) > U(B)/DU(B) ► K t {B) 



(ill 
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commutes. Assume finally that 

s K (y) = <%), y G Tor(U(A)/DU(Aj). 



Let n be a positive integer and let F\ C AffT(A n ) and F2 C U(A n )/DU(A n ) 
be finite sets. There exist a positive integer m and a unital *-homomorphism ip : 
A n — > B m such that 

[/?m, 00] • [■0] = « • [a„,oo] in KL(A n ,B), 

(/)||<c, /eFj, 

Proof. Let A„ = Ci © • • • Cr where each Cj is a building block. By Proposition 
|5.2| and Proposition there are for each x G U(A n )/DU(A n ) an element a x in 
AST (A n ) / pA n (Ko(A n )) , integers fc*, k^,, . . . , k x , and an element in the torsion 
subgroup of U(A n )/DU(A n ) such that 

ii 

a; = Aa„ (a,) + ^ (vf n ) + y x in C/(A„)/^C/(A n ). 

i=l 

Choose 6^ G AffT(^„) such that QxOx) = a x . Set F[ = F 1 U {b x : x G F 2 }. 
Choose < <5 < \ such that <$ < e and such that 

Ji 

le^-ll + tf^Af <e, i£f 2 . 

i=l 

Let pi,P2, ■ ■ ■ denote the minimal non-zero central projections in A n . Since A 
is simple and the connecting maps are injectiv e, th ere exists a 7 > such that 
5rv>o(Pi) > 7, * = 1,2, . . . , R. By Proposition 10.2 there exist a positive integer 
I, a linear positive order unit preserving map M : AffT(A„) — ► AffT(Bi), and an 
element u> G KL(A n , B[) e such that 

[A,oo] • w = K • [a„ )0O ] in KL(A n ,B), 

|fcoM(/)-^ r ,oa^(/)|| < £ f & F{i 
M o p An = p S; o on ivT (A„). 



Choose an integer if by Theorem 8.5 with respect to F-{ C AfFT( J 4„) and |. Choose 
a positive integer k and unitaries u±, 112, ■ ■ ■ , u# G -Bfc such that 

°b(C(4^)). $o <oo(4( b , ;4 °)))<^ i = i,2,...,fl. 

Note that o a„ j0 o Juf n ] = /^oojuj] in K\(B). Hence 

A.oo* ^.["il = /3fc,ooJui]; = I, 2 , ...,R. 
Since Pb K * — Pt* Pa we see that for i = 1, 2, . . . , R, 

Hence there exists an integer m > k,l such that s(B m ) > K-y^ 1 and such that 
A,m(Ps,(w*[Pi])) > 7, i = l,2,...,R, 
0l,m* ° ^*\ v i n ] = Afc,m»M inifi(S m ), i = 1,2, 
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It follows that s(B m )pB m (f3i t m r > K and that 

Pi, m o M o p An = /3 li7n o p Bl o w* = p Bm o (3 l>mit o on K (A n ). 

Therefore by Theorem [B.5| there exists a unital *-homomorphism ip : A n — > B m 
such that 

bP] = \j3i, m ] ■ to in KL(A n ,B m ), 
i>*W An (vf n ))=q B Jf3 k , m (ui)) in U(B m )/DU(B m ), i = 1,2, . . . 
\Mf)-foZ°M(f)\\< 5 -, feF{. 

It follows that 

[/3 m ,oo] ■ bp] = k • K,oo] in KL(A n ,B), (30) 
||A^°to-<^T* ocw(/)|| <<J, /GFf, (31) 
^b(/3£oo°^ # (9a„K A ")) ; *° <S, i = l,2,...,R. (32) 

Note that for x e F 2 , 

o-0(a (a x ) ) = d' B (q B (/3 mjO0 o 4){b x )) , q B (tp T * ° (&*))) 

< ||/3m,oo ° ^(&x) - ¥>t» o a^(6 x )|| < S < -. 

Hence 

dB(f3 m ,oc °fp(a x ) , (fir o 3~^(a x )) < \e 2mS - 1|, x £ F 2 - 



By Proposition 1^2], As is an isometry when Aff T(B)/ p B (K (B)) is equipped with 
the metric d B . It follows that 

III . X. 

(a x )) < |e 2 " 5 -l|, xeF 2 . 

Thus 

Db(P* iO0 o ^ # ° Aa„ K) , * ° o A^K) ) < |e 2 - 5 - 1|, x e F 2 . 



Since s K and $ agree on the torsion subgroup of U(A)/DU(A), we see by ( [30D and 
the definition of s K that 

Hence for ir S F 2 , 

D B ((3* t00 oTp#(x), $oo# i00 (a:)) 
< ^(^loo o^ # (A^„(a x )), $o a # i00 (A A „(a a ))) + 



i=l 

< \e 2mS - 1| +E fc ^ < e. 



i=l 

□ 



1.2 
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Theorem 11.2. Let A be a unital simple inductive limit of a sequence 
A\ > A2 > A3 > . . . 



of finite direct sums of building blocks. Let B be an inductive limit of a similar 
sequence 

with unital connecting maps such that s(Bk) — > 00 and such that the torsion sub- 
group of AffT(B)/ pb(Kq(B)) is totally disconnected. Let tp T ■ T(B) — > T(A) be 
an affine continuous map, let k £ KL(A, B) e be an element such that 

r B (u)(K*(x)) = r A (ip T (Lu)){x), x e K (A), lj £ T(B), 



and let $ : U(A)/DU(A) — > U(B)/DU(B) be a homomorphism such that the 
diagram 



AffT{A)/ PA {Ko[A)) U(A)/DU(A) ^(A) 

AffT(B)/ PB (K (B)) > U(B)/DU(B) ► K X {B) 

commutes. Assume finally that 



s K (y) = y £ Tor(U(A)/DU(A)). 

There exists a unital * -homomorphism ip : A — *• B such that ip* = ipr on T(B), 
such that ip* = $ on U(A) /DU(A), and such that [ip] = n in KL(A, B). 



Proof. We may assume that A is infinite dimensional. Hence by Theorem 9.£ we 
may assume that each a n is unital and injective. Let A n = A™ © A r 2 L © • • • © A\ 
where each A™ is a building block and let P n be the set of minimal non-zero central 
projections in A n . For each positive integer n, choose a finite set G n C A n such 
that G n generates A„ a s a C* -algebra and such that a n (G n ) C G n +i. Choose 
by uniqueness, Theorem 7.7, a positive integer l n with respect to G n C A n and 
2 _n . Since A is simple and the connecting maps are injective there exists a positive 
integer p n such that 

^ 8 

aw,(/i) > — , h€H(A n ,l n ). 

Pn 

Next, there exists a positive integer q n such that 

- 2 

(/i)>— , h£ H(A n , Pn )UP n . 

Qn 

Finally choose S n > such that 5 n < 4^ and such that 

(h)>S n , h£H{A n ,4q n ). 

Choose for each n finite sets F n C Aff T(A„) such that H(A n , 2q n ) C F„, such that 
o^(-Pn) S i^n+i, and such that U n < L 1 a n ~^ (F n ) is dense in AffT(A). 

Next, choose finite sets V n C U{A n )/DU(A n ) such that g^C^f") £ V„ for 
i = l,2,..., R n , such that a#(V„) C V n +i, and such that U^° =1 a* 00 (y„) is dense 
in U{A)/DU{A). 

We will construct by induction strictly increasing sequences {n^} and {m^} and 
unital *-homomorphisms ipk ■ A rlfc — > i? mfc such that 

(i) H/Wi,™*, °^fc-i(z) ° a nk _ uflk (x)\\ < 2~ n "-\ x £ G 7lk _ 1 , k > 2, 
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(ii) ||A^o^fc(/)-pr*o5n^(/)|| < min{2-™ fc ,%}, / G F nk , 

(iii) O B (^ l00 o ^(i) , $ o 0*^(31)) < min{2-", x G V nk , 

] • [ipk] = k ■ [a in KL(A nh ,B), 

The integers n^, m^, and the *-homomorphism ipk are constructed in step fc. The 
case fe = 1 follows immediately from Proposition 11.1. 

Assume that rife, rrifc, and ipk have been constructed such that (i)-(iv) hold. 
Choose rik+i > n.k such that 

^ 8 

"iwT+lC 1 ) > h E H{A nk ,ln k ), 

Pn k 

^ 2 

OW^i(>0> , ft- G H(An k ,Pn h ) U P n , 

(h)>S nk , heH{A nk ,Aq nk ). 

Choose by Proposition [11. 1| a positive integer I and a unital *-homomorphism 
A : A nk+1 — > Bi such that 

llCo o X(f) - <pt* o a~ oc (/)|| < min{2-^+S ^tl}, / G F„ fc+1 , 

^(A # oc ° A#(z) , $ o < +liOC (x) ) < min{2-«*+S ^, ^±1}, * G 
[A,oo] ■ [A] = k - [a„ fc+1 ,oo] in KL(A nk+1 , B). 

It follows that 

(/) -P mh ,ao O Mf)\\ < S ni> f£F nk , 

D B (t^ #0 C +1 W , /3l,oo °€ (*)) < <W < t^-, * e V nk , 

[Pm k ,oo] • bPk] = [A,oo] • [A] ■ [a nk ,n k+1 ] in 
Hence there exists an integer nik+i > ^ such that 

||A,m fc+ i °Aoa^ +1 (/) -0m h ,m k+ i °V>fc(/)ll < 5n k , f G F nfc , 

° A# °«t ,n, + 1 W, ^l, mfc+1 °V>fe # (z)) < X G K fe , 

[#,m fc+1 ] ' [A] • [a ni , nHI ] = [&n*,m*+i] • [V'fe] in KL(A k , B mk+1 ). 



By uniqueness, Theorem 7.7 , there exists a unitary W G B mk+1 such that 
||/?m fc , mfc+1 o ^fc(a:) - W^A,m fc+1 ° A o a Ilfc ,„ fc+1 (x) W* || < 2"" fc , ieG„ t . 

Set ^fe+i(a;) = W/3^ mk+1 o A(a;)W"*, a; G A„ fc . It is easily seen that (i)-(iv) are 
satisfied with k + 1 in place of k. This completes the induction step. 

By Elliott's approximate intertwining argument, see e.g |24|, Lemma 1], there 
exists a *-homomorphism ip : A —> B such that 

ip(<Xn,oo(n)) = lim /3 

m t ,oo ° ° ^.ntWi x G A n . 

— >oo 

Clearly, ?/> is unital. Let / G F n , ui G T(B). The sequence w o f3 mktQO o ip k o a nj „ fc 
converges to w o ^ o a n ,oo in T(y4„) as k — > oo. Hence it follows that 

/?m fc ,oo o ipk ° <Q(/)H — > tp o a^(f)(oj) as fc — > oo. 
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On the other hand, from (ii) it follows that 

(/)(w) as fe 



Hence V = </?t* on AST (A) and thus 0* = tp T on T(B). If y, z 6 U(A)/DU(A) 
then Ds(^(y), $(y)) < Da(v, z). This is clear in the case that 71^4 (y) 7^ tta(z) since 
then Da(u, z) = 2, and otherwise it follows since and Xb are isometrics and 
is contractive (with respect to d^t and (is). Thus <i> is continuous and by arguments 
similar to those applied above we see that = 

Let finally n be a positive integer. Since A n is semiprojective there exists by 
Theorem 15.1.1] a positive integer I > n such that -0 o a n<00 is homotopic to 
/3m,, 00 ° 4>i ° a«,n, ■ Hence 

M ■ [«n,oo] = [An,, 00] • [i>i] ■ k,„J = k ■ [a nij00 ] • [a„,„,] = re ■ [a n>00 ] 

in LfL(A n , S). It follows from |l], Lemma 5.8] that [0] = re in LTL(A, B). □ 

The following corollary generalizes a theorem of Thomsen [ p6| , Theorem A] . 

Corollary 11.3. Lei A be a unital simple inductive limit of a sequence 

A 01 A ° 2 A Q 3 

A\ * A 2 > A* > . . . 



of finite direct sums of building blocks such that Kq(A) is non-cyclic. Let B be an 
inductive limit of a similar sequence 

B 1 B 2 — L? 3 — • • • 



with unital connecting maps such that s(-Bfc) — > 00. Lei </?t : T{B) — » T(A) fee an 
affine continuous map, let k G -KTL(yl, L?) e 6e an element such that 

t b {u){k*(x)) = r A (ip T (Lo)){x), x G K (A), w G T(B), 



and let $ : U(A)/DU{A) — ► U(B)/DU(B) be a homomorphism such that the 
diagram 



AffT(A)/ PA (K (A)) C/(^)/DC/(A) ^(A) 



AffT(B)/p B (K (B)) ► U(B)/DU(B) > 7^(5) 

commutes. There exists a unital * -homomorphism ip : A — > L? smc/i iraat 0* = (^t 
on T(L?), suc/i iftai ip# = $ on U(A)/DU(A), and such that [0] = k in KL(A, B). 



Proof. By Lemma 10.7 we have that AST(B) / pb(Ko(B)) is torsion free such that 



s K is defined. It follows by Proposition |5.2| that s K (y) = &(y) for y in the torsion 



subgroup of U(A)/DU(A). Apply Theorem 11.2. □ 



Corollary 11.4. Let A be a unital inductive limit of a sequence 

A ai A Q 2 A Q 3 

A\ > ^2 > ^3 > • • ■ 



0/ finite direct sums of building blocks. Let B be an inductive limit of a similar 
sequence 

Bx B 2 -^-> L? 3 . . . 



with unital connecting maps such that s(-Bfc) — > 00 and such that the torsion sub- 
group of AffT(B) j pb(Kq(B)) is totally disconnected. Let ipx '■ T(B) — > T(A) be an 
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affine continuous map, let (po '■ Ko(A) — > Kq(B) be an order unit preserving group 
homomorphism such that 

r B (Lu)(ip a (x)) = r A (ip T (uj))(x), x G K (A), lu € T(B), 

and let <p\ : K\(A) — » K\{B) be a group homomorphism. There exists a unital 
* -homomorphism ip : A — > B swc/i i/iai "0* = on T{B), such that ip* — (po on 
Kq(A), and such that ip* — <pi on Ki(A). 

Proof. Choose an element k £ KL( A, B) such that k» = ipo on Kq(A) and such 
that k» = ipi on Kx(A). By Lemma 10. 1C| there exists a group homomorphism <I> : 
U(A)/DU(A) — > U(B)/DU(B) such that s K and $ agree on the torsion subgroup 
of U(A)/DU(A) and such that the diagram 



AST(A)/ PA (K (A)) 



U(A)/DU(A) 
<i> 



AST(B)/ PB (K (B)) 



U(B)/DU(B) 



Ki(A) 



Ki(B) 



commutes. The conclusion follows from Theorem 



11.2. 



□ 



Theorem 11.5. Let A and B be unital inductive limits of sequences of finite di- 
rect sums of building blocks, with A simple. Let tp,ijj : A — > B be unital *- 
homomorphisms such that tp* — ip* on T(B), tp^ — ipft on U(A)/DU(A), and 
[(p] = [ip] in KL(A,B). Then ip and ip are approximately unitarily equivalent. 



Proof. We may assume that A is infinite dimensional, and hence by Theorem 'hi 
we see that A is the inductive limit of a sequence 

A, -21- A 2 -22-» A 3 -22-* . . . 



of finite direct sums of building blocks with unital and injective connecting maps. 
By Lemma 9.2 we have that B is the inductive limit of a sequence 

B x B 2 — ^ B 3 . . . 



of finite direct sums of building blocks with unital connecting maps. Let A n — 
A™ © A^ © • ■ • © A\ n where each A 7 } is a building block. Let P n be the set of 
minimal non-zero central projections in A n . 

Let F C A be a finite set and let e > 0. It suffices to see that there exists a 
unitary U G B such that 

\\tp(x)-Uip(x)U*\\<e, xeF. 

We may assume that F C a„. oc ,(G) for a positive integer n and a finite set G C j4 n . 

Choose by uniqueness, Theorem 7.7, a positive integer Z with respect to G and 
|. Since A is simple and the connecting maps are injective there exists an integer 
p > I such that 

^ 9 

0)>- heH(A n ,l). 
P 

Next choose q > p such that 

^ 3 

0)>~, he H(A n ,p)UP„. 
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Finally, choose 6 > such that 36 < e, 26 < and such that 

a^ (h)>36, heH(A n ,4q). 



Since A n by Theorem 2.4 is semiprojective there exist by |T^, Corollary 15.1.3] a 



positive integer r and *-homomorphisms <fi,ipi : A n — > i? r such that /3 r .oo ° V?i is 
homotopic to (p o a„.oo and j3 r , oo ° ipi is nomotopic to tp o a„ !CO , and such that if 

£ E G U i?(A„, J) U (A n ,p) U ff(A n ,4 9 ) U #(A„, 2q) U P„ U . 
then 

(1)11 < 5, 

||/3r,oo o ^i (a;) - ^ ° a«,oo(a;)|| < 5. 
By increasing r we may assume that ip± and V>i are unital. Note that 

D B (f3# >00 o <pf(q' A Jvf")) , ^ o (q' A Jvf"))) < 26 < 1 = 1,2,...,^, 



\\Pr,vo°V\{h) - Pr,™ ° ipi{h)\\ < 26, h E H(A n ,2q), 



and 



r ,o O °Mh)>26, heH(A n ,4q), (33) 

fr^°Mh)>~, h£H{A n ,l), (34) 

A^o^(ft)>H, he H(A n ,p)UP n , (35) 

[A-.oo] • [V>i] = t8r,oo] • in (36) 

Choose an integer m > r such that 

\\P^oft0l)-j3^ofa(h)\\<25, heH{A n ,2q), (37) 

iflQ o fa{h) > 26, h€H(A n ,Aq), (38) 

fc~ m ofa(h)>-, h£H(A n ,l), (39) 
P 

/§Qo^i(K)>-, h E H(A n ,p) UP„, (40) 

^(fl*. o ft{q' An (vf n )) , /? r # m o tp*(q' An (vf n ))) < ± i = 1, . . . , i^, (41) 

[/3r,m] • = [Aym] ■ [v>i] in KL(A n , B m ). (42) 



By Theorem 7.7 there exists a unitary VT E -B m such that 



||/3r,m°^l(a;)-W/?r,mOV'l(^*|| < |, I E G. (43) 

If we put U = (3 m .oo{W) we have that 

\\f ° a n ,oo(x) -Uipo a n!00 (x)U*\\ 

< \\f ° Qn,coW - Pr.oo ° ¥>1 0^)11 + ||A-,oo ° ~ V r /3 r>o0 O ^i(ar)Z7*|| + 

||/3r,oo ° ipi(x) - ip o a niOC (x)\\ 



<6+^ + 6<e, x eG. 



□ 
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In view of Theorem 7.5 one might think that equality in K L in the above theorem 
could be replaced by equality in Kq. This is however impossible in general, see [^[ 
p. 375-376] or 26, Theorem 8.4]. But in some cases, e.g when Ko(B) is cyclic, the 
ifL-condition can be relaxed: 

Theorem 11.6. Assume furthermore that ps is injective and pb(Kq(B)) is a dis- 
crete subgroup of AffT(B). If p* — ip* on Kq(A), p* = ip* on T(B) and ip# = ip# 
on U(A)/DU{A), then p and ip are approximately unitarily equivalent. 

Proof. As above, but with the following changes. Instead of ( fjtf ) we get by Propo- 
sition 



10.5 that 



/?# °Vf(*) 



(3r,m O 



By Lemma 10.4 we may now replace ([42]) by 

tm ol Pt( x )> X ^ U/ 
= Pr,m o^i* on Ko(A n ) 
Finally, (^) follows again by Theorem [7. 7] 



□ 



Theorem 11.7. Let A and B be simple unital infinite dimensional inductive limits 
of sequences of finite direct sum of building blocks. Let ipo ■ Kq(A) —> Kq(B) be an 
isomorphism of groups with order units, let ipi : K\{A) — ► K\(B) be an isomorphism 
of groups, and let px ■ T{B) ~ * T(A) be an affine homeomorphism such that 

r B {u)(<p (x)) = r A {VT{u)){x), x e K (A), u e T[B). 
There exists a * -isomorphism ip : A — > B such that p* — pa on Kq(A), such that 
p* = ipi on K\{A), and such that ipx — p* on T{B). 



Proof. By Theorem 9.9 we may assume that A is the inductive limit of a sequence 



A x 



A, 



A, 



of finite direct sums of building blocks with unital and injective connecting maps. 
Similarly we may assume that B is the inductive limit of a sequence 

01 02 03 



By 



Bo 



B, 



of finite dir ect sums of building blocks with unital and injective connecting maps. 
By Lemma 9.6 we have that s(A n ) — > oo and s{B n ) — > oo as n — > oo. 

By [^|[ Theorem 7.3] there exists an invertible eleme nt k g KL(A, B) such that 
k* = (po on Kq(A) and k„ = p>\ on K\{A). By Lemma 10.10| there exists a group 
isomorphism $ : U(A)/DU(A) -» U(B)/DU(B) such that the diagram 











AST(A)/ PA (K (A)) 
AST(B)/ PB (K (B)) 



U(A)/DU(A) 
U(B)/DU(B) 



KM) 

1- 

Ki{B) 











commutes and such that s K (y) = <&(?/) for y in the torsion subgroup of U (A)/DU(A). 

By Theorem 11.2] there exists a unital *-homomorphism A : A — > B such that 
A* = p T on T(B), such that A # = $ on U(A)/DU(A), and such that [A] = n in 
KL(A, B). Note that k" 1 e KL(B, A)t- It is easy to see that s K is a bijection with 
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inverse s K -i. Hence s K -t 
*-homomorphism ip : A 



= $ _1 on Tor(U(B)/DU{B)). Thus there exists a unital 
B such that V* = ^t -1 on T(A), such that tp* = $ _1 



on U(B)/DU(B), and such that = n' 1 in KL(B, A). 

By Theorem 11.5| the *-homomorphisms V'oA and idA are approximately unitarily 
equivalent. Similarly Ao^ and ids are approximately unitarily equivalent. Thus 
there are sequences of unitaries {u n } and {v„}, in A and B respectively, such that, 
upon setting \ n {x) = w„A(x)w* and ip n (x) = UnipiyXju^, the diagram 



.4 



id A 



A 



id A 



Ai / 


A 2 / 




. / -02 • 



I?- 



,4 



5 




becomes an approximate intertwining. Hence by e.g [| 
*-isomorphism ip : A — » i? such that 



It follows that = A* 
95* = A* = <pi on ifi(A) 



= hm v n X(x)v*, x e A. 

n — >oc 

= (fi T on T(B), that ip* = A„ = 



Theorem 31 there is a 



</3 on ^o(^4)j an d that 
□ 



12. Range of the invariant 

The purpose of this section is to determine the range of the Elliott invariant, i.e to 
answer the question which quadruples (Kq(A),Ki(A), T(A), ta) occur as the Elliott 
invariant for simple unital infinite dimensional C*-algebras that are inductive limits 
of sequences of finite direct sums of building blocks. Villadsen [^7| has answered 
this question in the case where A is an inductive limit of a sequence of finite direct 
sums of circle algebras. Using this result Thomsen has been able to determine the 
range of the Elliott invariant for those C*-algebras that are inductive limits of finite 
direct sums of building blocks of the form A(n, d,d, . . . ,d), see below. 

We start out by examining the restrictions on (K (A), Ki(A), T(A), r A )- Let A 
be a simple unital infinite dimensional inductive limit of a sequence 



At 



An 



A, 



of finite direct sums of building blocks. We ma y by Theorem 9.9| assume that each 

Or, 



is unital and injective. By Corollary 3J3 each Ko(Ak) is isomorphic (as an 
ordered group with order unit) to the Ko-group of a finite dimensional C* -algebra. 
Thus Ko(A) must be a countable dimension group. This group has to be simple as 
A is simple. 

If Kq(A) = Z then by passing to a subsequence, if necessary, we may assume 
that A is the inductive limit of a sequence of building blocks, rather than finite 
direct sums of such algebras. By Lemma 3.9 it follows that Kx(A) an inductive 
limit of groups of the form Z © H, where H is any finite abelian group. 

If Kq(A) is not cyclic our only immediate conclusion is that K\{A) is a countable 
abelian group. 

T(A) must be a metrizable Choquet simplex. If B is a building block then 
obviously tb '■ T(B) — * SKq(B) maps extreme points to extreme points. By [ p7[ 
Corollary 1.6] and [p7l Corollary 1.7] the same must be the case for ta- Finally, 
rA is surjective by either || Theorem 3.3] and Q, or |l3|, Corollary 9.18] (or more 
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elementary, because each r Ak ■ T(Ak) — ► SKo(Ak) is surjective). It follows from 
Theorem 12.1 and Corollary 12. 5| that these are the only restrictions. 



As mentioned above, Thomsen has calculated the range of the invariant for a 
subclass of the class we are considering. By Theorem 9.2] we have the following: 

Theorem 12.1. Let G be a countable simple dimension group with order unit, H a 
countable abelian group, A a compact metrizable Choquet simplex, and A : A — > SG 
an affine continuous extreme point preserving surjection. There exists a simple 
unital infinite dimensional inductive limit of a sequence of finite direct sums of 
building blocks A together with an isomorphism tpo : Kq(A) G of ordered groups 
with order unit, an isomorphism ipi : Ki(A) — > H, and an affine homeomorphism 
(fT ■ A — > T(A) such that 

r A {ip T {uj)){x) = \(u)(tp (x)), u6A, x S Kq(A) 

if and only if G is non-cyclic. 

A can be realized as an inductive limit of a sequence of finite direct sums of circle 
bras and interval building blocks of the form I(n,d,d). 



A different proof of this theorem could be based on Theor em |8.3| and |27|, Theo- 
rem 4.2]. Combining the above theorem with Theorem |ll.7| we get the following: 

Theorem 12.2. Let A be a simple unital inductive limit of a sequence of finite 
direct sums of building blocks such that Kq(A) is non-cyclic. Then A is the inductive 
limit of a sequence of finite direct sums of circle algebras and interval building blocks 
of the form I(n, d, d). 

We are left with the case of cyclic -Ko-group. Note that the equation 

r A (tp T (uo)){x) = A(w)OoO)), w £ A, x e K (A) 

is trivial when A is a unital C*-algebra with Kq(A) = Z. 

Lemma 12.3. Let A be a simple unital inductive limit of a sequence of finite direct 
sums of building blocks. Then (Kq(A), Ko(A) + , [1]) = (Z,Z + ,1) if and only if A is 
unital projectionless. 



Proof. This follows easily from Theorem 9.£ and Lemma 3.S. □ 



Theorem 12.4. Let A be a metrizable Choquet simplex, and let H be the inductive 
limit of a sequence 

Z®Hx — ^— > Z © H 2 — Z © H 3 — . . . 



where each is a finite abelian group. There exists an infinite dimensional simple 
unital projectionless C* -algebra A that is an inductive limit of a sequence of building 
blocks, with K\{A) = H and such that T{A) is affinely homeomorphic to A. 

Proof. By p5| , Lemma 3.8] Aff A is isomorphic to an inductive limit in the category 
of order unit spaces of a sequence 

C K [0,1] ► C R [0,1] ► C R [0,1] ► ... 

It is easy to see that this implies that Aff A is isomorphic to an inductive limit of 
a sequence of the form 

C R (T) — ?i-> Ck(T) — C R (T) — . . . 



Choose a dense sequence {xk}kLi in Cr(T) and a dense sequence {zk}uLi m ^- 
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For every positive integer k we will construct a unital projectionless building 
block A k such that K\(A k ) = Z© H k , and a unital and injective *-homomorphism 
a k : Ak — > Ak+i such that the (constant) functions z i— » Z\, z i— ► Z2, ■ ■ ■ , z 1— ► z/s are 
eigenvalue functions for afe, such that ak* — hk on i^i(^4fe) (under the identification 
JTi(Afc) = Z ffi fffc) and such that 

l|c£(/)-e fe (/)|| <2- fc , /e4 

under the identification Aff T(Ak) — Ck(T), where 

fe-i fe-i 
F fe = {xi,x 2 ,...,Xk} [J Oj,k({xi,X2, ■ . . ,x k }) [J aj^({xi,a;2,...,a;fe}). 



First choose by Lemma 3.G a unital projectionless building block such that 
Ki(Ai)SZffiiTi. 

Assume that has been constructed. We will construct Afe+i and a^. Choose 
if by Theorem 8.3 with respect to F k C AffT(^4 fc ), e = 2~ fe and the integer k + 1. 



By Lemma 3.9 there exists a unital projectionless building block A^+i such that 



s(Afc + i) > K and Ki(A k+ i) = Z © H k+ \. By Theorem 8.3 there exists a unital 
*-homomorphism : ^4fe — > ^4fe+i such that the identity function on T and each 
of the functions z 1— ► zi, z <— ► Z2, • ■ ■ , z 1— ► Zu are among the eigenvalue functions for 
a k and such that 

IIW)-e*(/)ll <2^ fe , f&F k , 

a k * = h k on Ki(A k ). 

This completes the construction. 

Set A = \im(A k ,a k ). A is infinite dimensional since the connecting maps are 
injective, and it is unital projectionless since the connecting maps are unital. By 
|2| Lemma 3.4] AST (A) = lim(C K [0, l],e fc ) =< Aff A, and hence T(A) and A are 
affincly homeomorphic. Clearly Ki(A) = H. 

Let I C A be a closed two-sided ideal in A, I ^ {0}. By (the proof of) [|[ 
Lemma 3.1], 

00 

I = (J aruoo(an,oo _1 (^))- 

Choose a positive integer n such that a rit00 ' -!(!) j4 {0}. Choose / G 

such that / ^ 0. Choose k > n such that /(zjt) 7^ 0. Then a n ,i(f)(z) ^ for every 



z G T and Z > fc. Hence by Lemma 2.2 we see that a; !00 = A; for every I > k. 



It follows that I = A. Thus A is simple. □ 

In th e abo ve theorem, l et H = and A be a one-point set. Then we obtain by 
Lemma 12.3 and Theorem |l 1 . 7| the C*-algebra Z constructed by Jiang and Su |]l6| . 



Corollary 12.5. Let d be a positive integer, let A be a metrizable Choquet simplex 
and let H be a countable abelian group. There exists an infinite dimensional simple 
unital inductive limit of a sequence of finite direct sums of building blocks A such 
that {K (A),K (A)+, [1]) = (Z,Z+,d), T(A) = A and Kx(A) = H if and only if 
H is the inductive limit of a sequence 

Zffii/x > Z®H 2 ► Z®H 3 > ... 

where each H k is a finite abelian group. 
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The C* -algebra A is isomorphic to Md{B) where B is a simple unital projection- 
less C* -algebra that is an inductive limit of a sequence of building blocks. 



Proof. Combine Theorem 12.4, Lemma 12.3 and Theorem p_1.7[ . 



□ 



Theorem 12.1 and Corollary 12.5 together determine the range of the Elliott 
invariant for the class of C*-algebras for which our classification theorem applies. 
Let us conclude this paper by comparing our classification theorem with the clas- 
sification theorems of Thomsen [ p6| and Jiang and Su |16 . 

It follows from |2(| Theorem 9.2] that a C* -algebra in our class is contained in 
Thomsen's class if and only if K is non-cyclic. By calculating the range of the 
invariant for the C*-algebras contained in Jiang's and Su's class, one can show that 
a C*-algebra in our class with K non-cyclic is contained in Jiang's and Su's class if 
and only if K\ is a torsion group. A C*-algebra in our class with cyclic -Ko-group is 
contained in Jiang's and Su's class if and only if the -Ki-group is an inductive limit 
of a sequence of finite cyclic groups, see |l6|, Theorem 4.5]. Thus our classification 
theorem can be applied to C*-algebras that cannot be realized as inductive limits 
of finite direct sums of the building blocks considered in pq ], or in Jig ], namely 
those that have cyclic -Ko-group and a KTi-group that is not an inductive limit of a 
sequence of finite cyclic groups. 
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